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Abstract
Many-body perturbation theory in the form of the GW approximation has become the most widely
used quantum mechanical tool to predict bandgaps of molecules and materials. Theoretical knowl-
edge of the bandgap is essential to support the design of novel electric devices and photovoltaic
materials. A drawback of GW is its high computational cost which increases with the fourth order
of the system size N, O(N4). In this thesis, a novel efficient GW algorithm based on Gaussian
basis functions is presented where the computational cost scales as O(N3) with the system size.
The algorithm is based on a new cubic-scaling method for the Random Phase Approximation
(RPA) for the correlation energy. The scaling of RPA can be reduced from O(N4) to O(N3) if
it is reformulated in the Gaussian basis together with the resolution of the identity (RI) with the
overlap metric. Moreover, imaginary time and imaginary frequency integration techniques as well
as sparse linear algebra are necessary for cubic-scaling RPA. Cubic-scaling RPA has been applied
to two thousand water molecules using a correlation-consistent triple-zeta quality basis which is
the largest RPA calculation that has been reported in the literature so far. All algorithms presented
in this thesis have been designed in a way that they could be implemented for massively parallel
use on modern supercomputer infrastructures which is the key for the application to large systems.
As application of the cubic-scaling GW algorithm, graphene nanoribbons have been treated. The
largest graphene nanoribbon that could be adressed with the cubic-scaling GW algorithm contains
1734 atoms which is the largest GW calculation that has been reported in the literature so far. The
cubic-scaling GW algorithm can also be applied to periodic systems in a Γ-point-only approach
where a correction scheme is needed. This correction scheme has been specifically derived for the
use with Gaussian basis functions.
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Deutsche Zusammenfassung
Vielteichenstörungsrechnung in Form der GW-Näherung ist ein weit verbreitetes Verfahren, um
Bandlücken von Molekülen und Festkörpern quantenmechanisch zu berechnen. Diese Rechnun-
gen können dazu beitragen, neue elektronische Bauteile oder neue Photovoltaik-Materialien zu
entwickeln. Ein Nachteil der GW-Methode ist der hohe Rechenaufwand, der mit der vierten
Potenz der Systemgrösse N wächst, O(N4). In dieser Arbeit wird ein neuer, effizienter GW-
Algorithmus basierend auf Gauss-Funktionen vorgestellt, dessen Rechenaufwand mit O(N3) mit
der Systemgrösse skaliert. Der Algorithmus basiert auf einer kubisch skalierenden Methode für
die ”Random Phase Approximation” (RPA) für die Korrelationsenergie. Die Skalierung von RPA
kann von O(N4) auf O(N3) reduziert werden, wenn RPA in der Gauss-Basis umformuliert wird
und die ”Resolution of the Identity” (RI) mit der Überlapp-Metrik verwendet wird. Ausserdem
sind Integrationstechniken in imaginärer Zeit und imaginärer Frequenz sowie die Ausnutzung
dünn besetzter Matrizen nötig, um kubisch skalierendes RPA zu erhalten. Kubisch skalierendes
RPA wurde auf zweitausend Wassermoleküle in einer korrelationskonsistenten tripel-zeta Basis
angewendet, was die grösste RPA-Rechnung in der Literatur bisher ist. Alle Algorithmen, die
in dieser Arbeit vorgestellt werden, wurden für die Verwendung auf massiv-parallelen modernen
Grossrechnern implementiert, was eine Schlüsselrolle für die Anwendung der Algorithmen auf
grosse Systeme spielt. Als Anwendung der kubisch skalierenden GW-Methode wurden Graphen-
Nanoribbon untersucht. Das grösste Graphen-Nanoribbon, das mit der GW-Methode behandelt
wurde, enthält 1734 Atome, was die grösste GW-Rechnung darstellt, die bisher publiziert wurde.
Der kubisch-skalierende GW-Algorithmus kann auch auf periodische Systeme mit einer Γ-Punkt-
Implementierung angewendet werden, wobei eine periodische Korrektur nötig ist, die speziell auf
die Implementierung von GW mit Gauss-Funktionen angepasst wurde.
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Chapter 1

Introduction

Theoretical knowledge about the electronic structure of molecules and materials is of major inter-
est for science and technology. The calculated total energy of the many-electron system can be
employed to determine barrier heights of chemical reactions or the stability of materials. Such
theoretical studies can help to improve catalysists [1] or to suggest new materials for photo-
voltaics [2]. Another important electronic property is the fundamental gap, namely the difference
between the first ionization energy and the lowest electron affinity of a material or a molecule.
The fundamental gap determines whether a material is an insulator, a semiconductor or exhibits
metallic conductance. As an example, computing the fundamental gap of materials can support
the design of novel electric devices at the nanoscale, e.g. formed of graphene nanoribbons which
are strips of graphene with < 50 nm width [3, 4].

In practice, computing the electronic structure of larger atoms, complex molecules or solids
can be a challenging task. The reason is that an exact analytical solution for a system of many
interacting electrons has not been achieved yet. Usually, the many-body nature of the problem is
tackled with approximate methods and the use of numerical techniques on computers.

For computing the total energy of many-electron systems, density functional theory (DFT) [5]
is the by far most established method at present. DFT at one hand offers reasonable accuracy
for the total energy at relatively low computational cost which scales as O(N3) with the number
of electrons N in a canonical implementation. Nowadays, DFT in its canonical formulation is
routinely applied to systems containing up to ten thousand atoms [6]. DFT can be reformulated in
linear-scaling algorithms [7] which are efficient for non-metallic systems with large spatial extend.
Exploiting this fact, it was possible to apply linear-scaling DFT to a million hydrogen atoms [8].

For computing the fundamental gap of a material with high accuracy, GW [9] is one of the most
established methods at present involving O(N4) computational cost in a canonical implementation
which is significantly higher than the computational cost of DFT. GW is a method originating from
many-body perturbation theory [9] and was first applied to real materials in 1985 by Hybertsen
and Louie [10]. Recently, GW has been applied to molecules [11–13] for studying the ionization
potential, electron affinity and the fundamental gap where good agreement to experimental values
has been obtained. The largest application of GW to a silicon nanocluster with 1000 atoms was
carried out using an optimized O(N4)-scaling algorithm [14]. Compared to other materials, GW
calculations are computationally less challenging for silicon since low plane-wave cutoffs are
already sufficient to reach convergence. In contrast, GW studies of more challenging systems
as low-dimensional materials like graphene nanoribbons or transistion metal compounds [15] are
restricted to by far less atoms at presence.

Many interesting systems can only be modelled if well above thousand atoms are used in the
GW calculation. As an example, a heterojunction can be build from a graphene nanoribbon when
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6 Chapter 1: Introduction

one half of the nanoribbon is doped with Boron atoms (p-doping) and the other half with nitrogen
atoms (n-doping) what already has been demonstrated experimentally [4, 16]. Due to additional
charge carriers, the Fermi level of the p-doped side is decreasing while the Fermi level of the n-
doped side increases. For a meaningful GW study of this effect, a large extend of the n-doped and
the p-doped region is needed in the calculation. Nanoelectrical devices are attached to a surface
resulting in a renormalization of the fundamental gap [17] due to screening. This effect can be
taken into account by image charge models [17–19] in case of a metallic surface and absence of
a chemical bond between device and surface. In all other cases, a large number of surface atoms
are required in the GW calculation. In summary, it is highly desirable to develop efficient GW
algorithms for the treatment of large systems containing more than thousand atoms. One way to
achieve this is to reduce the scaling of the computational cost from O(N4) to lower order.

Already three low-scaling GW algorithms have been reported in the literature [20–22]: The
cubic-scaling algorithm by Foerster et al. from 2011 [20] employs a Gaussian basis and locality
of electronic interactions. The method has been applied to molecules with a few tens of atoms.
Larger applications seem to lie out of reach at presence since a parallel implementation has not
been reported which is crucial for applying low-scaling algorithms to large systems as they are
intended. The second low-scaling GW algorithm has been reported by Neuhauser et al. [21] in
2014 which even scales linearly with the system size and relies on stochastic evaluation of the
involved quantities. This algorithm can be easily parallelized and has been applied to a silicon
nanocluster with one thousand atoms. However, it remains to be explored whether stochastic GW
can be a useful tool for more complex systems than silicon nanoclusters [23]. The recent cubic-
scaling GW algorithm by Liu et al. [22] is a variant of the GW space-time method by Rojas et
al. [24] and has been implemented in the VASP package [25]. In this algorithm, a plane-wave
basis, real-space grids and sophisticated minimax quadratures for the time and frequency domain
are employed. The linear-scaling behaviour in the number of k-points seems to be promising
when applying the method to large and numerically challenging periodic systems. For molecular
applications of GW as graphene nanoribbons [26], the plane-waves basis is a major bottleneck
compared to an atom-centered basis. In practice, all three low-scaling GW algorithms [20–22]
could not yet prove their capability for new GW applications to larger systems.

The central objective of this work is to develop a low-scaling GW method which can be ap-
plied to systems containing more than thousand atoms. Several steps are necessary for this pur-
pose which are each presented in an individual chapter: In Chapter 2, the theoretical framework
of GW is presented. As a first step towards low-scaling GW, canonical O(N4)-scaling GW has
been adapted to the Gaussian and plane waves scheme (GPW) [27] which enables efficient calcu-
lations for molecules containing hundrets of atoms, see Chapter 3. Periodic boundary conditions
require a special treatment for GW calculations in GPW, where details on this special treatment
are given in Chapter 4. The focus of Chapter 5 is on the O(N3)-scaling random phase approxi-
mation (RPA). RPA is a method for computing the correlation energy of a many-electron system
and it is the computationally most expensive step in GW calculations. Cubic-scaling RPA has
been implemented for massively parallel use which is the key for the application to large sys-
tems. It was possible to apply cubic-scaling RPA to two thousand water molecules. Based on the
O(N3)-scaling RPA algorithm, the O(N3)-scaling GW algorithm is presented in Chapter 6. As ap-
plication of the cubic-scaling GW algorithm, an alternative route to compute the fundamental gap
of periodic, one-dimensional armchair graphene nanoribbons from GW is presented: The length
of non-periodic ribbons is increased until convergence of the electronic levels is reached. The
largest graphene nanoribbon that could be adressed with the cubic-scaling GW algorithm contains
1734 atoms which is the GW calculation with the largest number of atoms in the literature so far.
Chapter 7 summarizes the main achievements and gives an overview for further developments.



Chapter 2

Quasiparticle energies in the framework of
many-body perturbation theory

In this chapter, the theoretical basics of quasiparticles are introduced, see Sec. 2.1. For computing
the energy of a quasiparticle, Hedin’s equations or the GW approximation can be used, as shown
in Sec. 2.2. For applications, the quasiparticles energies are commonly computed by the G0W0

method which employs a start from density functional theory (DFT) as explained in Sec. 2.3. This
chapter builds on the work of Hüser et al. [28, 29]

2.1 Definition and properties of quasiparticles
One of the central goals in quantum chemistry, theoretical condensed matter physics and mate-
rials science is to find approximate solutions ΨN

i (r1, r2, . . . , rN) to the Schrödinger equation of
N electrons in an external potential Vext(r), [28]

ĤNΨN
i (r1, r2, . . . , rN) = EN

i ΨN
i (r1, r2, . . . , rN) , (2.1)

where Ĥ is the Hamiltonian describing the N-electron system

ĤN = −

N∑
n=1

∇2
n

2
+

N∑
n<m

1
|rn − rm|

+

N∑
n=1

Vext(rn) . (2.2)

The index i in Eq. (2.1) refers to the i-th eigenstate, where i = 0 denotes the groundstate.
Occupied and virtual quasiparticle (QP) orbitals ψQP

i− (r) and ψQP
i+ (r) are defined as [28]

ψQP
i− (r) =

〈
ΨN−1

i

∣∣∣ Ψ̂(r)
∣∣∣ ΨN

0

〉∗
,

ψQP
i+ (r) =

〈
ΨN+1

i

∣∣∣ Ψ̂†(r)
∣∣∣ ΨN

0

〉
,

(2.3)

where Ψ̂(r) and Ψ̂†(r) are the field operators annihilating and creating an electron at point r,
respectively. According to their definition in Eq. (2.3), the QP orbitals can be interpreted as
single-particle wavefunctions in a many-particle system as an atom, a molecule or a solid. In
quantum chemistry, the QP orbitals are also referred to as Dyson orbitals.

The corresponding QP energies are defined by

εQP
i− = EN

0 − EN−1
i (2.4)

εQP
i+ = EN+1

i − EN
0 . (2.5)
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8 Chapter 2: Quasiparticle energies in the framework of many-body perturbation theory

They represent the excitation energies of the (N±1)-particle system relative to EN
0 and thus cor-

respond to electron addition and removal energies. According to the definition of the chemical
potential µ, it holds that εQP

i− >µ and εQP
i+ ≤ µ. Having noted this we can drop the ± subscripts on

the QP states and energies.
Then, the fundamental gap is defined as

Egap = εQP
0+
− εQP

0− . (2.6)

The fundamental gap is an important property of materials since it strongly affects their electric
properties: A very small or vanishing fundamental gap is leading to metallic behaviour while an
insulator is charaterized by a high fundamental gap.

Now, we introduce the formulas for computing the QP energies in practice. We assume a
weakly correlated system where a single Slater determinant is a good approximation to the full
many-body wavefunction. In this case, it can be shown by many-body perturbation theory that
ψQP

i and εQP
i can be computed as solutions of the QP equation(
−
∇2

2
+ vH(r) + vext(r)

)
ψQP

i (r) +

∫
dr′ Σ(r, r′, εQP

i )ψQP
i (r′) = εQP

i ψQP
i (r) (2.7)

where vH denotes the Hartree potential and Σ the exchange-correlation self-energy which contains
the whole electron-electron interaction beyond the Hartree interaction. Note that the Hartree-
Fock or a density functional approximation to the self-energy leads to an energy-independent
function ΣHF/DF(r, r′). As a consequence, using ΣHF/DF(r, r′) in Eq. (2.7) does not guarantee to
yield correct QP wavefunctions ψQP

i and, more importantly, correct QP energies εQP
i .

2.2 Many-body perturbation theory: Hedin’s equations and
GW approximation

An exact way of calculating the self-energy from Eq. (2.7) is given by a set of five coupled equa-
tions, known as Hedin’s equations [9]:

self-energy: Σ(1, 2) = i
∫

d(34)G(1, 3)Γ(3, 2, 4)W(4, 1+) , (2.8)

Green’s function: G(1, 2) = G0(1, 2) +

∫
d(34)G0(1, 3)Σ(3, 4)G(4, 2) , (2.9)

screened interaction: W(1, 2) = V(1, 2) +

∫
d(34)V(1, 3)P(3, 4)W(4, 2) , (2.10)

polarization: P(1, 2) = −i
∫

d(34)G(1, 3)G(4, 1+)Γ(3, 4, 2) , (2.11)

vertex function: Γ(1, 2, 3) = δ(1, 2)δ(1, 3)

+

∫
d(4567)

∂Σ(1, 2)
∂G(4, 5)

G(4, 6)G(7, 5)Γ(6, 7, 3) , (2.12)

where the argument has been combined to ( j)≡ (r j, t j) and the bare Coulomb interaction is given
by V(1, 2) = 1/|r1 − r2|δ(t1 − t2). The non-interacting Green’s function

G0(r, r′;ω) =
∑

i

ψi(r)∗ψi(r′)
ω − εi + iηsgn(εi − µ)

(2.13)
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can be computed using the single-particle wavefunctions ψi(r) from the non-interacting problem
[Eq. (2.7) with Σ = 0], a positive infinitesimal number η and the chemical potential µ. In principle,
the equations (2.8) - (2.13) can be solved self-consistently which has not yet been done in practice
due to their complicated structure.

A simple ansatz can be made by neglecting the second term in the vertex function, which yields

P(1, 2) = −iG(1, 2)G(2, 1+) and ΣGW(1, 2) = iG(1, 2)W(1, 2) . (2.14)

Due to the form of the self-energy, this approximation is called GW approximation. We interpret
this choice when comparing to Hartree-Fock theory, in which the self-energy is given as a product
of the Green’s function and the bare Coulomb interaction:

ΣHF(1, 2) = iG(1, 2)V(1, 2) . (2.15)

Here, electron-electron interaction only occurs through the Hartree- and the exchange potential,
that means that there is no correlation – the electrons are moving independently of their Coulomb
repulsion beyond the Hartree mean-field interaction. On the other hand, correlation is to a large ex-
tent determined by screening. Thus, by replacing the bare Coulomb interaction V by the screened
interaction W in the self-energy, dynamical correlation is introduced in the GW approximation by
means of screening.

In real space and time domain, the GW self-energy is simply given as a product, see Eq. (2.14),
which turns into a convolution in frequency domain,

ΣGW(r, r′, ω) =
i

2π

∫
dω′eiδω′G(r, r′, ω − ω′)W(r, r′, ω′) , (2.16)

where the inifinitesimal δ ensures the correct time-ordering in case of a static potential, W(ω = 0).

2.3 G0W0 method for computing quasiparticle energies
In practice, Kohn-Sham (KS) orbitals ψDFT

i and eigenvalues εDFT
i from a DFT calculation(

−
∇2

2
+ vH(r) + vext(r) + vxc(r)

)
ψDFT

i (r) = εDFT
i ψDFT

i (r) (2.17)

are often used as input for a GW calculation. In the widely used G0W0 scheme, the quasiparticle
wavefunctions are approximated by the DFT wavefunctions, ψQP

i ≈ψ
DFT
i . This approximation is

justified in the sense that the exchange-correlation potential vxc(r) is small and has few spatial
structure compared to the kinetic energy, the Hartree potential and the external potential. There-
fore, the KS orbitals can be expected to be close to the QP orbitals from Eq. (2.7). The G0W0

self-energy ΣG0W0 is computed from Eq. (2.14) using the non-interacting DFT Green’s function G0

from Eq. (2.13),

G0(r, r′;ω) =
∑

i

ψDFT
i (r)ψDFT

i (r′)
ω − εDFT

i + iηsgn(εDFT
i − µ)

. (2.18)

to approximate the interacting Green’s function G.
For the quasiparticle energies, we start from Eq. (2.7) inserting the G0W0 self-energy ΣG0W0

with ψDFT
i ≈ψQP

i on both sides and integrating over r,〈
ψDFT

i

∣∣∣ − ∇2

2
+ vH + vext

∣∣∣ψDFT
i

〉
+

〈
ψDFT

i

∣∣∣ΣG0W0(εQP
i )

∣∣∣ψDFT
i

〉
= εQP

i . (2.19)
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Using Eq. (2.17) and first order Taylor expansion of Σ(εQP
i ) around εDFT

i , we obtain from Eq. (2.19)

εDFT
i −

〈
ψDFT

i

∣∣∣ vxc

∣∣∣ψDFT
i

〉
+

〈
ψDFT

i

∣∣∣ ΣG0W0(εDFT
i ) + (εQP

i − ε
DFT
i ) · ∂ΣG0W0/∂ω|ω=εDFT

i

∣∣∣ψDFT
i

〉
= εQP

i .

(2.20)

After rearranging Eq. (2.20), we arrive at

εQP
i = εDFT

i + Zi

〈
ψDFT

i

∣∣∣ ΣG0W0(εDFT
i ) − vxc

∣∣∣ψDFT
i

〉
, Zi =

(
1 + ∂ΣG0W0/∂ω|ω=εDFT

i

)−1
. (2.21)

From Eq. (2.21), we see that the exchange-correlation part from DFT is subtracted from the DFT-
eigenvalue εDFT

i , while the self-energy from G0W0 is added to account for exchange and correlation
effects. In this way, correlation from dynamic screening is included in the G0W0 quasiparticle
energies. A more detailed introduction to the G0W0 method is given in Sec. 3.2 with a focus on
the implementation in a Gaussian basis.



Chapter 3

GW in the Gaussian and plane waves
scheme with application to linear acenes

The following chapter is a reprint of Ref. [30]. We present an implementation of G0W0 and
eigenvalue-self-consistent GW (evGW) in the Gaussian and plane waves scheme for molecules.
We calculate the correlation self-energy for imaginary frequencies employing the resolution of the
identity. The correlation self-energy for real frequencies is then evaluated by analytic continuation.
This technique allows an efficient parallel implementation and application to systems with several
hundreds of atoms. Various benchmark calculations are presented. In particular, the convergence
with respect to the most important numerical parameters is assessed for the benzene molecule.
Comparisons with respect to other G0W0 implementations are reported for a set of molecules,
while the performance of the method has been measured for water clusters containing up to 480
atoms in a cc-TZVP basis. Additionally, G0W0 has been applied for studying the influence of
the ligands on the gap of small CdSe nanoparticles. evGW has been employed to calculate the
HOMO-LUMO gaps of linear acenes, linear chains formed of connected benzene rings. Distinct
differences between the closed and the open-shell (broken-symmetry) evGW HOMO-LUMO gaps
for long acenes are found. In future experiments, a comparison of measured HOMO-LUMO gaps
and our calculated evGW values may be helpful to determine the electronic ground state of long
acenes.

3.1 Introduction

In recent years, GW with localized basis sets has emerged as an accurate method for the calcula-
tion of quasiparticle energies of molecules [11–13, 20, 21, 31–44]. Additionally, in combination
with the Bethe-Salpeter equation, GW is a promising method for computing molecular electronic
excitations with high accuracy [34, 45–50]. Most of the traditional GW implementations employ
a plane-wave (PW) or augmented plane-wave (APW) basis [10, 51–68]. While the main field of
application of PW and APW GW is still the condensed phase, they have also been employed re-
cently to calculate quasiparticle levels of molecules [14, 28, 69, 70]. When treating molecules, the
main advantage of a localized basis compared to PWs is the reduced number of basis functions
required to represent the Hamiltonian and thus the wavefunctions. The number of PWs can be a
factor 100-1000 larger compared to that of a localized basis, [71] mainly due to the need of a large
supercell in the former method in order to decouple the periodic images. On the other hand, the
generation of a localized basis that provides systematic convergence is much harder to be obtained
and the convergence of the GW quasiparticle energies with respect to the basis parameters is still
under investigation. [31, 36, 38, 40]

11



12 Chapter 3: GW in the Gaussian and plane waves scheme with application to linear acenes

The computational effort of G0W0 is quickly growing for increasing system size N with a scal-
ing O(N4) for state-of-the-art implementations [13]. As a consequence, an efficient implemen-
tation for high-performance computing is needed to study large systems with G0W0 [14, 52]. As
basis of our G0W0 implementation in the Gaussian and plane waves scheme [27] in CP2K [72,73],
we employ the previous efficient implementation of wavefunction correlation methods [74–77]
which enabled large-scale molecular-dynamics and Monte Carlo simulations based on second or-
der Møller-Plesset (MP2) and random phase approximation (RPA) total energies [78–80]. We use
the G0W0 framework in the resolution-of-the-identity approach as elaborated by Ren et al. [13]
Our G0W0 methodology can be applied to systems containing hundreds of atoms. As starting
point for G0W0, a wide range of local, semilocal, hybrid and range-separated hybrid functionals
can be employed [81]. In agreement with the literature [13, 14, 31, 40, 46, 47, 82–84], we find
that the PBE0 [85] and the tuned CAM-B3LYP [86] starting points perform remarkably well for
molecules with an average deviation of 0.1 – 0.2 eV between the computed G0W0-HOMO energy
and the experimental vertical ionization potential [87]. Moreover, our G0W0 and evGW imple-
mentation can treat systems with unpaired electrons.

We apply our GW implementation to compute the HOMO-LUMO gap of linear acenes, molecules
consisting of repeating units of benzene rings. This application is motivated by a recent study by
Korytár et al. [88] indicating that the HOMO-LUMO gaps of acenes may not decay monotonously
with increasing number of benzene rings, but can oscillate. The reason is the presence of a level
crossing in the one-dimensional band structure of polyacene [89] which is shifted from the Γ-
point. Such HOMO-LUMO gap oscillations are well-known in carbon nanotubes [90, 91] and
armchair graphene nanoribbons [3,92–94] due to the presence of the Dirac cone in the band struc-
ture of graphene [95]. Remarkably, the HOMO-LUMO gap oscillations in acenes on the level of
closed-shell PBE [96] have not been reported before Ref. [88] despite of the intensive research
on the electronic ground state properties of acenes [97–104], which is driven by organic electron-
ics [105–109] and photovoltaics [110–113]. In Ref. [88], G0W0 HOMO-LUMO gaps have been
presented up to tetracene. We report G0W0 and eigenvalue-selfconsistent GW [11,34] calculations
of the HOMO-LUMO gap up to 11-acene.

This chapter is organized as follows: First, we introduce the GW methodology of the imple-
mentation (Sec. 3.2). In Sec. 3.3, we perform extensive benchmark calculations with our imple-
mentation: the convergence of a wide range of numerical parameters is illustratively tested for
benzene. We report execution times, system size scaling and the parallel speedup measured for
water clusters containing up to 160 molecules. Also, G0W0-HOMO energies of molecules and
G0W0 gaps of CdSe nanoclusters are reported. In Sec. 3.4, we apply eigenvalue-self-consistent
GW to predict the HOMO-LUMO gap of linear acenes.

3.2 Theory and implementation

In this section, the theoretical and computational framework of the G0W0 implementation is briefly
presented. In Sec. 3.2, we describe the evaluation of the quasiparticle energies starting from the
precomputed frequency-dependent correlation-self-energy Σc(ω). [13, 31] The resolution-of-the-
identity (RI) approximation for four-center two electron repulsion integrals (ERIs) is introduced in
Sec. 4.2. [75] In Sec. 3.2, we apply RI to G0W0 and we give the working expressions as employed
in the implementation. [13, 75]

The following index notation has been adopted: µ, ν, λ refer to Gaussian functions φ of the
primary basis, n,m, k, l refer to general molecular orbitals (MOs) ψ, i to an occupied MO, a to a
virtual one and P,Q to auxiliary RI Gaussian basis functions ϕ.
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Starting point and quasiparticle energies
For G0W0, we start from a self-consistent generalized Kohn-Sham (GKS) DFT [5] calculation,
including hybrid functionals and Hartree-Fock (HF) [114]. The total energy of a many-electron
system in GKS-DFT is obtained by solving the eigenvalue problem

h0ψn(r) +

∫
dr′ vxc(r, r′)ψn(r′) = εnψn(r) . (3.1)

h0 contains the external and the Hartree potential as well as the kinetic energy. vxc(r, r′) denotes
the exchange-correlation potential which is local for most non-hybrid density functional approxi-
mations, vxc(r, r′) = δ(r, r′)vxc

KS(r). In HF, exact exchange [115–117]

Σx(r, r′) = −

occ∑
i

ψi(r)ψi(r′)v(r, r′) (3.2)

is the only term included in vxc(r, r′), where v(r, r′) = 1/|r − r′| denotes the bare Coulomb inter-
action. In this case the potential is fully non-local and no correlation effects are accounted. Note
that the spin variable has been dropped for convenience.

In the following, we briefly introduce the G0W0 method giving the equation to compute the
quasiparticle energies εG0W0

n . For a concise introduction into quasiparticles and the GW method
in the Green’s function framework, we refer to the work of Hüser et al. [28] By construction, the
GKS-DFT MOs ψn(r) and their corresponding eigenvalues εn are auxiliary quantities for com-
puting the total energy of the many-body problem. In contrast, the poles of the Green’s function
correspond to vertical electron addition or removal energies and consequently, these poles are in-
terpreted as quasiparticle energies. [28] In G0W0, the MOs from GKS-DFT serve as quasiparticle
wavefunctions and only their quasiparticle energies (poles of the Green’s function) are computed
by means of G0W0:

εG0W0
n = εn + Zn(n|Σx + Re Σc(εn) − vxc|n) , (3.3)

where Σc(ε) stands for the G0W0 correlation self-energy which is calculated according to the algo-
rithm described in the following sections. The renormalization factor Zn,

Zn =
(
1 − ∂(n|Re Σc(ω)|n)/∂ω|ω=εn

)−1
, (3.4)

accounts for the linearized energy-dependence of Σc(ω). [31]

RI approximation
The four-center electron repulsion integrals (ERIs) are of central importance for calculating the
correlation self-energy Σc(ε) in the G0W0 approximation. These integrals, in Mulliken notation,
are defined as

(nm|kl) :=
∫

drdr′ψn(r′)ψm(r′)ψk(r)ψl(r)v(r, r′) (3.5)

where v(r, r′) = 1/|r−r′| is the Coulomb interaction. Within the RI approximation [118,119] based
on the Coulomb metric [120], these integrals are factorized to

(nm|kl)RI =
∑
PQ

(nm|P)V−1
PQ(Q|kl) . (3.6)



14 Chapter 3: GW in the Gaussian and plane waves scheme with application to linear acenes

Here, V−1
PQ is the inverse of the Coulomb matrix VPQ:

VPQ ≡ (P|Q) =

∫
drdr′ϕP(r′)ϕQ(r)v(r, r′) . (3.7)

The matrix elements (nm|P) are given by

(nm|P) =
∑
µν

CµnCνm(µν|P) , (µν|P) =

∫
drdr′φµ(r′)φν(r′)ϕP(r)v(r, r′) (3.8)

where the Cλk are the MO coefficients obtained as solution of the KS equations.
The RI-basis functions P,Q are Gaussian functions, which are local for gas phase systems and

periodically repeated for the condensed phase. The two- and three-center ERIs are computed by
direct integration between the Gaussian basis functions [bra in Eq. (3.7) and (3.8)] and the elec-
trostatic potential associated to auxiliary RI Gaussian basis functions [ket in Eq. (3.7) and (3.8)].
The electrostatic potential is obtained in a plane wave basis set after solving the Poisson equation
in Fourier space. The advantage of this method is that, for each electrostatic potential, the eval-
uation of the matrix elements of Eq. (3.8) is obtained in linear scaling time, since only integrals
over overlapping basis function product φµ(r′)φν(r′) need to be evaluated. Additionally, due to
the introduction of an auxiliary PW basis for the expansion of the electrostatic densities, periodic
boundary conditions can be included straightforwardly. On the other hand, pseudopotentials have
to be employed in order to remove core states and to provide smooth densities. For more details,
we refer to Ref. [75].

The main advantage of the RI approximation [Eq. (5.4)] is that four center electron repulsion
integrals of the type (nm|kl) are computed from three and two center ERIs. This allows to re-
duce the storage requirement as well as the computational effort for the integral evaluation and
subsequent matrix operations without significant loss of accuracy. [119, 121]

Since the Coulomb matrix VPQ is positive definite, the calculation of V−1
PQ can be efficiently per-

formed by a Cholesky followed by the efficient inversion of the triangular matrix L, decomposition
of VPQ,

VPQ =
∑

R

LPRLT
RQ , V−1

PQ =
∑

R

L−T
PR L−1

RQ . (3.9)

In this way, the factorization of the (nm|kl) ERIs can be expressed in a compact form as

(nm|kl)RI =
∑

P

Bnm
P Bkl

P , Bnm
P =

∑
R

(nm|R)L−1
PR . (3.10)

G0W0 self-energy
In the GW approximation [9], the G0W0 self-energy Σ = Σx + Σc for an imaginary frequency iω is
given by [13]

Σ(r, r′, iω) = −
1

2π

∫ ∞

−∞

dω′G0(r, r′, iω − iω′)W0(r, r′, iω′) (3.11)

where G0(r, r′, iω) is the Green’s function of the KS reference system [Eq. (3.1)],

G0(r, r′, iω) =
∑

m

ψm(r′)ψm(r)
iω + εF − εm

, (3.12)
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and W0(r, r′, iω) the screened Coulomb interaction,

W0(r, r′, iω) =

∫
dr′′ε−1(r, r′′, iω)v(r′′, r′) . (3.13)

The dielectric function ε(r, r′, iω) is defined as

ε(r, r′, iω) = δ(r, r′) −
∫

dr′′v(r, r′′)χ(r′′, r′, iω) . (3.14)

where the density response χ(r, r′, iω) is given by

χ(r, r′, iω) = 2
occ∑

i

virt∑
a

ψa(r′)ψi(r′)ψi(r)ψa(r)
εi − εa

ω2 + (εi − εa)2 . (3.15)

In order to employ Eq. (3.3), we calculate the (n, n)-diagonal matrix element of Σ(iω),

Σn(iω) ≡ (n|Σ(iω)|n) =

∫
drdr′ψn(r′)ψn(r)Σ(r, r′, iω) (3.16)

for considered quasiparticle state n and for a given set of iω grid points. By considering Naux

RI-auxiliary Gaussian functions P and Q, inserting the Eqs. (3.11) – (3.13), (3.14), (3.15) and then
Eq. (5.4) and (5.10) into Eq. (3.16), we obtain [13]

Σn(iω) = −
1

2π

∑
m

∫ ∞

−∞

dω′
1

i(ω − ω′) + εF − εm

∑
PQ

Bnm
P

[
1 − Π(iω′)

]−1
PQ Bmn

Q , (3.17)

where ΠPQ(iω) is the Naux×Naux matrix representation of the density response function,

ΠPQ(iω) = 2
∑

ia

Bia
P

εi − εa

ω2 + (εi − εa)2 Bia
Q . (3.18)

For numerical stability and to avoid the RI-approximation for Σx
n, we calculate the exact exchange

self-energy by means of Eq. (3.2):

Σx
n := (n|Σx|n) = −

occ∑
i

(ni|in) . (3.19)

The exchange self-energy [Eq. (3.19)] is subtracted from the total self-energy to obtain the corre-
lation part. Similarly to Eq. (3.17), we get [39]

Σc
n(iω) = −

1
2π

∑
m

∫ ∞

−∞

dω′
1

i(ω − ω′) + εF − εm

∑
PQ

Bnm
P

[[
1 − Π(iω′)

]−1
PQ − δPQ

]
Bmn

Q . (3.20)

The integration over ω′ is computed employing a Clenshaw-Curtis grid [122] as proposed by
Eshuis et al. [123] We employ the same grid to evaluate Σc

n(iω).
To evaluate Eq. (3.3), we obtain the real-frequency self-energy by means of analytic continu-

ation [24, 124] which has been shown to be accurate [13, 38, 39, 59, 125, 126]. In this approach,
Σc

n(iω) from Eq. (4.22) is fit to a two-pole model Pn for every quasiparticle state n (Npoles = 2):

Σc
n(iω) ' Pn(iω) :=

Npoles∑
j=1

an, j

iω + bn, j
+ an,0 . (3.21)
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Figure 3.1: Clenshaw-Curtis grid points iωk

(blue dots), fit of the self-energy [Eq. (4.22)]
on imaginary frequencies (red and magenta
lines) and evaluation of the fitting func-
tion at the GKS eigenvalues εn (green dots).
We set the Fermi level εF in Eq. (4.22)
as εHOMO + 0.3 eV for occupied orbitals and
as εLUMO − 0.3 eV for virtual orbitals.

The complex coefficients an, j and bn, j are determined by a nonlinear least-square fit, solved with a
Levenberg-Marquardt algorithm. During the fitting procedure, we apply the constraint Pn(0) = Σc

n(i0)
to fix the fit at ω= 0 to the computed self-energy Σc

n(i0). To avoid branch cuts, the self-energy of
an occupied orbital n is fitted for negative imaginary frequencies while the self-energy of a vir-
tual orbital is fitted for positive imaginary frequencies, see Fig. 3.1. [24, 124] As also sketched in
Fig. 3.1, we set the Fermi level εF in Eq. (4.22) for occupied orbitals n as εF = εHOMO + 0.3 eV and
for virtual orbitals n as εF = εLUMO − 0.3 eV. The advantage of this procedure is that the fit has an
anchor point Σc

n(i0) close to the eigenvalues εn of the SCF, see Fig. 3.1.
By replacing iω with ω in Pn in Eq. (3.21), the self-energy can be evaluated on the real-

frequency axis. Then, Eq. (3.3) to determine the quasiparticle energies turns into the working
expression

εG0W0
n = εn + Zn

[
Σx

n + Re Pn(εn − εF) − vxc
nn
]
, (3.22)

with Zn = 1/[1−Re P′n(εn − εF)] and the diagonal element vxc
nn of the exchange-correlation matrix.

3.3 G0W0 benchmark calculations
In this section, we report G0W0 benchmark results to validate the implementation. The section is
organized as follows: In Sec. 3.3, we give the computational parameters which have been used for
all calculations. Then, we investigate the convergence of the benzene-G0W0-HOMO energy and
the G0W0-HOMO-LUMO gap with respect to the most important numerical parameters (Sec. 3.3).
Execution times, parallel speedup and the system size scaling of the implementation are reported
in Sec. 3.3. As an application of the implementation, we study the influence of different ligands
on the gap of CdSe nanoclusters and we compare G0W0-HOMO energies of small molecules to
experimental values and other G0W0 implementations (Sec. 3.3).

Computational details
For all calculations reported here, we employ the Gaussian and plane waves scheme (GPW) [27]
for the underlying generalized Kohn-Sham (KS) equations as implemented in CP2K [72,73,127–
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129]. The GPW scheme makes use of a Gaussian basis to expand molecular orbitals and an
auxiliary plane-wave basis for the expansion of the electronic density. This dual representation
allows for evaluating the Hartree contribution to the KS matrix in linear scaling time at full ac-
curacy. [127] In order to have an efficient expansion of the density in plane waves, core electrons
are replaced by pseudopotentials. We use dual-space pseudopotentials of the Goedecker-Teter-
Hutter (GTH) type [130,131] specifically parameterized for LDA [132], PBE [96], PBE0 [85] and
B3LYP [86].

Regarding the Gaussian basis, we employ valence-only correlation-consistent basis sets [133,
134], generated specifically for the use with GTH pseudopotentials [135]. The basis sets have
been labeled as cc-DZVP, cc-TZVP, cc-QZVP and cc-5ZVP, denoting double, triple, quadruple
and quintuple-zeta quality, respectively. For each primary basis set, the corresponding auxiliary
RI basis has been generated [75] according to the procedure proposed by Weigend et al. [136]

The plane-wave cutoff for the DFT part of the calculations is Ecut = 1200 Ry to guarantee con-
vergence of the SCF, at small cost compared to the GW calculations. For the calculations of two-
and three-center ERIs for GW, we employed a high quality plane-wave cutoff of Ecut = 300 Ry for
the expansion of the RI fitting densities. Gas phase systems have been computed using cluster
boundary conditions for solving the Poisson equation [137].

As input geometries for the SCF and the subsequent G0W0 calculations, we take B3LYP-
relaxed molecular geometries from the nistgov database [87]. As general computational G0W0

setup, we use 100 grid points for the frequency integration in Eq. (4.22) and a Fermi level which
is 0.3 eV above εHOMO for occupied MOs and 0.3 eV below εLUMO for virtual MOs. The range for
fitting the correlation self-energy [Eq. (3.21)] is chosen as [0,±10 eV]i on the imaginary-frequency
axis, where ‘−’ refers to quasiparticles and ‘+’ to quasiholes.

Convergence of numerical parameters: the benzene molecule
In this section, we present convergence tests of the HOMO level and the HOMO-LUMO gap of
benzene for the PBE0 starting point with respect to the main computational parameters. Sim-
ilar convergence has been obtained for other systems and different starting wavefunctions. We
are also testing auxiliary density matrix methods (ADMM) [138, 139] for the approximate, but
faster computation of exact exchange at the SCF level. The reference value for benzene is
εG0W0@PBE0

HOMO =− 9.29 eV, which has been obtained employing the cc-5ZVP basis and numerical
parameters as described in the previous section. Our reference is in good agreement with the ex-
perimental vertical ionization potential of 9.24 eV [140] and G0W0@PBE0 HOMO energies from
other implementations (– 9.20 eV from Ref. [13] and – 9.32 eV from Ref. [14]).

Primary basis set

In Figure 3.2, the convergence and the extrapolation of the G0W0@PBE0-HOMO energy with
the size of the basis set is sketched. As previously reported in the literature [31, 36, 38, 40], the
convergence of single G0W0 quasiparticle levels in a Gaussian basis is very slow. An accuracy of
0.1 eV compared to the complete-basis limit is only reached at the level of a cc-5ZVP basis set,
which means as many as 816 basis functions for the benzene molecule.

Figure 3.3 displays the convergence of the G0W0@PBE0-HOMO-LUMO gap with the size
of the basis set. As previously reported in the literature [11, 35, 40, 45, 46], the convergence of
the G0W0-HOMO-LUMO gap in an augmented Gaussian basis is very fast and already reached
using an aug-DZVP basis with an accuracy of better than 0.02 eV for benzene. In contrast, the
HOMO-LUMO gap converges much slower employing a correlation-consistent basis without aug-
mentation functions.
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RI-basis set

Figure 3.4 shows the convergence of the G0W0@PBE0-HOMO energy with the size of the RI-
basis set for benzene. As primary basis, we use the cc-5ZVP basis. The RI basis sets have been
generated specifically for GTH pseudopotentials [75] employing the procedure of Weigend and
co-workers [136]. The maximum angular momentum of the RI basis is identical to the RI basis
sets of Weigend et al. [136] and the size of the RI basis is similar to Ref. [136]. As it can be
seen in Fig. 3.4, an RI-QZVP basis already reaches convergence for a cc-5ZVP primary basis
when computing the G0W0@PBE0-HOMO energy: The difference between the G0W0@PBE0-
HOMO energy with the RI-QZVP and the RI-5ZVP basis is less than 0.001 eV. Since the overall
execution time of our G0W0 scheme scales quadratically with the number of RI basis functions for
large systems, the computational cost for a cc-5ZVP basis set may be reduced by a factor of two
for large systems when using the RI-QZVP basis instead of the RI-5ZVP basis without significant
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Figure 3.4: G0W0@PBE0 HOMO of
benzene for the cc-5ZVP basis and vari-
ous RI-basis sets. The RI-basis sets con-
tain Gaussians of angular momenta up to
lRI-DZVP = 3, lRI-TZVP = 4, lRI-QZVP = 5 and
lRI-5ZVP = 6, respectively. We observe that
an RI-QZVP basis already reaches con-
vergence for a cc-5ZVP primary basis
with a precision of 0.001 eV.
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loss of accuracy. We conclude that the computational cost can be reduce by employing a smaller
RI basis but the angular momentum components have to be chosen carefully in order to properly
fit the primary basis. Clever RI basis sets are minimum in size and tuned properly with angular
momentum.

Auxiliary density matrix method (ADMM)

In ADMM [138, 139], an approximate auxiliary density matrix is employed to compute the exact
Hartree-Fock exchange at the SCF level. For the auxiliary density matrix, a smaller Gaussian basis
is used compared to the Gaussian basis in the SCF. When employing the ADMM methodology,
the cost and memory for computing the exact exchange in the SCF can be reduced significantly.

The auxiliary density matrix can be derived from several schemes named ADMM1 [138],
ADMM2 [138], ADMMQ [139], ADMMP [139] and ADMMS [139]. In ADMM1, the MOs in
the auxiliary basis remain orthogonal, while in ADMM2 this is not the case in order to allow a
higher flexibility for the auxiliary fitting basis. As a consequence, the ADMM2 auxiliary density
matrix is purified to restore the idempotency of density matrices. In ADMMQ, the particle number
in the auxiliary density matrix is constrained to the particle number of the full density matrix. In
ADMMS and ADMMP, the particle number in the auxiliary basis is also constrained and scaling
laws of exchange are respected in two ways which are different for ADMMS and ADMMP.

Here, the influence of ADMM on the G0W0 quasiparticle energies is tested when using the
ADMM approximation in computing the reference PBE0 wavefunctions. The reason for testing
ADMM is that for a high-quality basis as needed for G0W0, the computation of the exact exchange
at the SCF level can by far dominate in the total execution time.1

Figure 3.5 displays the G0W0@PBE0-HOMO energy in case ADMM has been employed in the
SCF while exact exchange with the full primary basis has been used for the exchange self-energy
in Eq. (3.22). We observe that regardless of the ADMM scheme, the G0W0@PBE0-HOMO energy
of benzene differs by 0.03 eV between exact Fock exchange in the SCF and an ADMM-treated
Fock exchange in the SCF. Since the systems considered in this work are not prohibitively large
for exact exchange calculations, we treat the Fock exchange exactly [115, 116] throughout this
work.
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Figure 3.5: G0W0@PBE0 HOMO of benzene for
an approximative treatment of the exact exchange in
the SCF for five auxiliary density matrix methods
(ADMM) [138, 139]. The exchange self-energy in
Eq. (3.22) is treated exactly without ADMM. Both
auxiliary ADMM basis functions contain basis func-
tions up to l = 3, where aug-cpFIT3 contains more ba-
sis functions than pFIT3. We observe tha regardless
of the ADMM scheme, the G0W0@PBE0-HOMO en-
ergy of benzene differs by 0.03 eV between exact Fock
exchange in the SCF and an ADMM-treated Fock ex-
change in the SCF.

1The reason for the high computational cost for computing the exact exchange in the SCF is, that during the
SCF procedure, the ERIs are needed in each cycle while at the G0W0 level, the computation of the ERIs for the
exact-exchange Fock matrix elements has to be performed only once. For a high quality basis, the screening in the
computations of the ERIs is not efficient and the available memory can thus not be enough for their complete storage,
meaning that part of them have to be recomputed at each SCF cycle making the SCF computationally more demanding
than the G0W0 quasiparticle energy evaluation.
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and 50 grid points, we obtain a result being con-
verged with a precision of 0.01 eV.
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in Eq. (3.21). We observe that two poles are
already sufficient for the fitting procedure: The
result changes by less than 0.005 eV for three
or more poles compared to two poles.

Grid for frequency integration, fitting range and number of poles

The correlation self-energy Σc(iω) on the imaginary-frequency axis, with a fixed value of ω, is
obtained by numerical integration of Eq. (4.22). Consistently to the way the RPA correlation
energy is computed [75], a Clenshaw-Curtis grid [122, 123] {ωk} is employed with a fixed scaling
parameter [123] a = 0.2 Hartree. The same grid {ωk} is employed for ω′ and ω in Eq. (4.22),
meaning that the self-energy Σc(iω) is evaluated at the same frequencies ω as those employed
for the numerical integration over ω′. Subsequently, Σc(iωk) is fitted with the two-pole model of
Eq. (3.21). According to the target accuracy, an ω-interval is defined and only the ωk points that
are contained in this range are employed for the fitting procedure.

Figure 3.6 displays the convergence of the G0W0@PBE0 HOMO energy of benzene with re-
spect to the number of grid points for different fitting intervals of Σc(iω). The drawback of using
a large fitting interval is that for an ω j with large absolute value, Σc(iω j) is calculated with lower
accuracy compared to Σc(iω j) with smaller absolute value |ω j|. The reason is that the integrand
in Eq. (4.22) is large for ω j =ω′j but the resolution of the {ω′k} grid around ω j with large |ω j| is
coarse, see e. g. Fig. 3.1. The consequence of this issue is seen in Fig. 3.6 for the large fitting inter-
val [– 20 eV, 0 eV]i: The HOMO energy converges more slowly and non-monotonously compared
to the smaller fitting intervals. On the other hand, a too small fitting interval may miss the struc-
ture of Σc on the imaginary-frequency axis. Consequently, we take a medium fitting interval of
[– 10 eV, 0 eV]i for all calculations presented in this work. Moreover, we observe in Fig. 3.6 that
with 50 grid points and a fitting interval of [– 10 eV, 0 eV]i, the HOMO energy is converged with
an accuracy of 0.01 eV. To ensure high-quality results, we use 100 grid points for all following
calculations.

The fit of the correlation self-energy on the imaginary-frequency axis is performed by using a
multi-pole model employing a given number of poles Npoles, see Eq. (3.21). Figure 3.7 displays
the G0W0@PBE0 HOMO energy of benzene for various numbers of poles used. In agreement
with previous works [13,39], we find that two poles for the fitting procedure are already sufficient:
the result changes by less than 0.005 eV for three or more poles compared to two poles. As a
consequence, we take two poles for all following calculations.
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Figure 3.9: G0W0@PBE0 HOMO of ben-
zene for various geometries. The geometries
have been obtained by a geometry optimiza-
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serve that a relaxation with a cc-TZVP basis is
sufficiently close to the complete-basis limit.
Moreover, we find that the G0W0@PBE0
HOMO level differs by 0.04 eV for the struc-
tures obtained with PBE and PBE0.

Fermi level

The Fermi level εF is needed in order to compute the Green’s function for imaginary frequencies,
see Eq. (4.22). As sketched in Fig. 3.1, we set the Fermi level εF in Eq. (4.22) for occupied
orbitals n as εF = εHOMO + 0.3 eV and for virtual orbitals n as εF = εLUMO − 0.3 eV. In principle,
the Fermi level may be chosen arbitrarily between the HOMO and the LUMO energy of the
underlying GKS calculation. Indeed, we observe in Fig. 3.8, that as long as the Fermi level is
located more than 0.1 eV above the HOMO energy of the SCF, we get identical results for the
benzene G0W0@PBE0 HOMO energy. Due to the numerical issues seen for δ < 0.1 eV in Fig. 3.8,
G0W0 calculations for a system with a GKS gap smaller than 0.2 eV need a careful treatment
within our methodology.

Geometry optimization

Prior to a G0W0 calculation, it is a common practice to relax the ground state geometry employing
the same KS method as used to generate the input orbitals for the G0W0 calculation. For hybrid
functionals, the computation of the exact HF exchange can be significantly more expensive such
that the geometry optimization would be more costly than the subsequent G0W0 calculation. Here,
we examine the influence of the input geometry on the G0W0@PBE0 HOMO energy, see Fig. 3.9.
The geometries have been obtained by a structure optimization with the PBE and the PBE0 func-
tional, respectively and various basis sets, while the G0W0@PBE0 HOMO is obtained using the
cc-5ZVP basis. As shown in Fig. 3.9 (a), the structure relaxation with a cc-TZVP is sufficiently
close to the complete-basis limit. Moreover, we find that the G0W0@PBE0 HOMO level differs
by 0.04 eV between structures relaxed at the PBE and PBE0 level (or other hybrids). We conclude
that using a non-hybrid functional for the geometry optimization may introduce a non-negligible
error in G0W0@PBE0 quasiparticle energies. To reduce the cost to generate the initial geometry, a
small primary basis at the triple-zeta level can be used to obtain converged quasiparticle energies.
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Execution time, system size scaling and parallel speedup

For an exemplary benchmark of the computational cost, we show the execution time for computing
20 G0W0 quasiparticle energies (HOMO–9,HOMO–8, . . . ,LUMO+9) for various water clusters
in Fig. 3.10 (a) (without the time spent for the GKS calculation) employing Nω = 60 grid points
for the frequency integration in a cc-TZVP basis.

According to Eq. (4.26), computing ΠPQ(iω) for all grid points ωk requires N2
auxNoccNvirtNω

operations, where Naux is the number of auxiliary RI-basis functions, Nocc (Nvirt) the number of oc-
cupied (virtual) molecular orbitals and Nω the number of Clenshaw-Curtis grid points. Assuming
Nω to be independent on the system size N, this step scales as O(N4). The measured exponent is
3.93, see Fig. 3.10 (a) and therefore matching the expected value. Note that once ΠPQ(iω) is made
available for all ωk, the computation of Σc

n(iω) in Eq. (4.22) requires only O(N3) operations, more
specifically N2

auxNG0W0(Nocc+Nvirt)Nω, where NG0W0 is the number of computed G0W0 quasiparticle
energies. We observe an exponent of 3.34 in Fig. 3.10 (a) which is slightly exceeding the expected
exponent of 3. According to this analysis, we expect a numerical effort for the overall computation
of the G0W0 quasiparticle energies which asymptotically scales as O(N4). This is what we observe
as total execution time for our G0W0 algorithm, see Fig. 3.10 (a): The computational effort for
the integral evaluation part has an asymptotic scaling that grows quadratically with system size:
For each auxiliary RI density, only matrix elements between overlapping Gaussian functions need
to be calculated. For this reason, the effort for the integral evaluation strongly depends on the
structure of the system, since this affects the overlap between the atom-centered Gaussian basis
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Figure 3.10: (a) Execution time for the calculation of 20 G0W0 quasiparticle levels of water
clusters containing up to 480 atoms in a cc-TZVP basis with 60 grid points for the numerical
integration of Eq. (4.22) on a Cray XC30 machine. The blue dots belong to the time spent for the
whole G0W0 calculation (without the time spent for the SCF), the green circles belong to the time
for computing the matrix ΠPQ(iω) [Eq. (4.26)] and the magenta circles belong to the computation
time of the self-energy [Eq. (4.22)] and the analytic continuation. The magenta and green lines
represent a linear two-parameter fit of the form y= axb with an exponent b as reported in the
legend. (b) Measured speedup (blue dots, left ordinate) and efficiency (green dots, right ordinate)
with respect to 512 processes for the calculation of 20 G0W0 quasiparticle energies of a 64 water-
molecule cluster. We used a cc-TZVP basis and 60 grid points for the numerical integration of
Eq. (4.22). The gray lines represent the ideal speedup and the ideal efficiency, respectively.
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functions and thus is directly related to the effectiveness of the screening on the matrix elements.
For small and compact systems, the integral evaluation is in general dominating the overall time of
a G0W0 calculation [75]. On the other hand, in the evaluation of ΠPQ(iω), that scales O(N4) with
system size, no screening is considered and thus this part is independent on the actual structure of
the system. This part is by far the most time consuming in a large G0W0 calculation [76].

We assess the parallel speedup of the implementation with a cluster containing 64 water
molecules (256 occupied orbitals, 3392 virtual orbitals and 8704 auxiliary basis functions), see
Fig. 3.10 (b). The algorithm shows a good parallel scalability with an efficiency around 70 % for
4096 processes compared to 512 processes. The total execution time of the G0W0 calculation with
512 processes is 606 seconds, while the G0W0 calculation is completed in 70 seconds employing
8192 processes.

Comparison to experiments and other G0W0 implementations
In this section, we compare G0W0-HOMO energies of small molecules to experimental values and
other GW implementations, see Table 3.1. Additionally, we apply G0W0 to study the influence of
different ligands on the gap of CdSe nanoclusters.

HOMO levels of molecules

As generalized Kohn-Sham (GKS) starting points for the G0W0 calculation of molecules, we con-
sider PBE [96], PBE0 [85], which contains 25 % exact exchange, and tuned CAM-B3LYP [86,
141], a range-separeted hybrid functional as implemented in the exchange-correlation library

Table 3.1: G0W0 HOMO energy εG0W0
HOMO of small molecules containing atoms from the first period.

We present results for the PBE [96], PBE0 [85] and the tuned CAM-B3LYP [81, 86, 141] (tCB)
starting point. The experimental vertical ionization potentials (VIPs) are taken from Ref. [87]
besides the one of methane [142]. The mean absolute deviation (MAD) measures the deviation
with respect to the experimental VIPs and the G0W0 HOMO energies reported by Ren et al. [13],
Bruneval and Marques [31], Govoni and Galli [14], Turbomole without RI and full-frequency (ff)
BerkeleyGW from the GW100 benchmark by van Setten et al. [71] The unit of all numbers is eV.

Molecule G0W0@PBE G0W0@PBE0 G0W0@tCB Exp. VIP

cc-QZVP cc-5ZVP cc-QZVP cc-5ZVP cc-TZVP cc-QZVP

C6H6 – 9.00 – 9.07 – 9.21 – 9.29 – 9.33 – 9.51 – 9.24
CH4 – 14.00 – 14.05 – 14.28 – 14.33 – 14.47 – 14.59 – 14.40
C2H2 – 11.01 – 11.11 – 11.25 – 11.33 – 11.35 – 11.52 – 11.49
C2H5OH – 10.26 – 10.35 – 10.63 – 10.73 – 10.77 – 10.99 – 10.64
CO2 – 13.20 – 13.33 – 13.58 – 13.72 – 13.64 – 13.85 – 13.78
N2 – 14.87 – 15.03 – 15.37 – 15.52 – 15.44 – 15.66 – 15.58
NH3 – 10.29 – 10.42 – 10.64 – 10.75 – 10.80 – 11.00 – 10.82
H2O – 11.97 – 12.13 – 12.33 – 12.46 – 12.46 – 12.72 – 12.62
O2 – 11.65 – 11.83 – 12.24 – 12.40 – 12.43 – 12.70 – 12.30

MAD to exp. VIPs 0.51 0.39 0.15 0.09 0.12 0.21

MAD to FHI-aims [13] (tier+a5Z-d basis) 0.02 0.10 0.05 0.07 – –

MAD to molgw [31] (QZVP basis) 0.06 0.04 0.04 0.04 0.18 0.08

MAD to WEST [14] (PW basis) 0.09 0.11 0.11 0.03 – –

MAD to Turbomole [71] (QZVP basis) 0.03 0.11 – – – –

MAD to ff BerkeleyGW [71] (PW basis) 0.14 0.26 – – – –
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LIBXC, version 2.2.2 [81] with 100 % exact long-range exchange. It has been reported in the
literature that G0W0 HOMO energies are in excellent agreement with experimental vertical ioniza-
tion potentials (VIPs) and CCSD(T) values if the GKS calculation was performed with the tuned
CAM-B3LYP functional [31,46,143] or the PBE0 hybrid functional [13,14,31,40,47,82–85,96]
while local functionals as PBE or pure Hartree-Fock perform worse [13, 31].

For PBE, PBE0 and tuned CAM-B3LYP, the G0W0 HOMO energies of small molecules are
listed in Table 3.1. The results indicate that for the G0W0@PBE0 HOMO energies, the large basis
cc-5ZVP provides the best agreement with experimental values: The observed mean absolute
error is below 0.1 eV compared to the experimental vertical ionization potential (VIP). In contrast,
the best agreement with experimental VIPs for G0W0@tuned CAM-B3LYP HOMO energies are
obtained within the cc-TZVP basis. The larger cc-QZVP basis deteriorates the mean absolute
error compared to experimental VIPs. The accuracy of inner orbitals (higher IPs) in G0W0 is of
similar accuracy as reported here for the HOMO [82].

Overall, our results agree well with the results reported by Ren et al. [13], Bruneval and Mar-
ques [31], Govoni and Galli [14] and from GW100 [71, 144], see Table 3.1. Possible differences
are due to the use of pseudopotentials and the differing basis.

G0W0 HOMO-LUMO gaps of Cd33Se33 nanoclusters in the presence of ligands

In this section, we apply G0W0@LDA and G0W0@PBE to compute the HOMO-LUMO gap of the
Cd33Se33 nanocluster with different surrounding ligands, see Fig. 3.11 for the molecular geometry
of the bare Cd33Se33 cluster. At best of our knowledge, no GW calculations have been reported in
the literature on the Cd33Se33 nanocluster.

We are motivated by the fact that CdSe has been one of the most studied II-VI quantum dots
due to the ease of synthesis and, according to the dimension of the QDs, its optical gap can
cover the visible spectrum. [146, 147] We chose the Cd33Se33 quantum dot since it is one of the
“magic-size” clusters that have been characterized by high stability and large optical gaps. For
quantum dots, surface ligands are fundamental for enhancing the solubility and for stabilizing the
core structure. The ligands can strongly affect the electronic properties of the quantum dots, in
particular the optical gap. [148–153] We investigate the influence of these surface ligands on the
HOMO-LUMO gap of Cd33Se33 quantum dots on the level of G0W0@LDA and G0W0@PBE. As
model ligands, we employ formic and acetic acid, ammonia and methyl amine. [145]

As molecular geometries of the bare Cd33Se33 cluster and Cd33Se33 with ligands, we employ the
structures from Ref. [145]: The bare cluster has been obtained by carving out an almost spherical
portion of the wurtzite lattice with bulk CdSe bond lengths and subsequent relaxation on the level
of LDA [132]. Similar constructions of CdSe clusters from the bulk semiconductor have been
used in previous theoretical studies. [148,149,154,155] The cages in presence of the ligands have
been fully relaxed on the LDA level. We employ GTH [130, 131] pseudopotentials. In the SCF,
we optimize twelve electrons for Cd and six electrons for Se.

We employ G0W0@LDA and G0W0@PBE to compute the HOMO-LUMO gap of the Cd33Se33

Figure 3.11: Molecular structure of the bare
Cd33Se33 nanocluster: side view (left) and
top view (right). [145] The Cd is light yel-
low and the Se is bronze in the ball-and-stick
models.
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Table 3.2: LDA, G0W0@LDA, PBE and G0W0@PBE HOMO-LUMO gaps in eV of Cd33Se33

nanoclusters with surrounding ligands in an aug-DZVP basis set. For the Cd33Se33 nanocluster,
594 non-core electrons (12 electrons per Cd atom, 6 electrons per Se atom), 2574 primary basis
functions and 8316 RI basis functions have been employed. This calculation took 15 minutes on
1536 Cray XC40 cores.

System LDA G0W0@LDA PBE G0W0@PBE Exp. optical gap
bare Cd33Se33 1.51 3.64 1.60 3.62 3.0 [156]
Cd33Se33 + 9 NH3 1.57 3.59 1.70 3.56
Cd33Se33 + 12 NH3 1.61 3.60 1.73 3.60
Cd33Se33 + 21 NH3 1.75 3.69 1.87 3.69
Cd33Se33 + 9 H3CNH2 1.56 3.56 1.68 3.56
Cd33Se33 + 9 HCOOH 2.03 4.10 2.19 4.14
Cd33Se33 + 9 HCOOH + 12 NH3 2.03 4.06 2.20 4.10
Cd33Se33 + 9 H3CCOOH 2.00 4.05 2.16 4.09

nanocluster. We follow the authors of Refs. [21] and [14] who employed G0W0@LDA and
G0W0@PBE for computing the HOMO-LUMO gap of silicon nanoclusters. We employ an aug-
DZVP basis set and we expect G0W0 HOMO-LUMO gaps which are close to the complete-basis-
set limit [11, 35, 40, 45, 46].

We have computed the HOMO-LUMO gap of the Cd33Se33 nanocluster in the bare form and
with ligands on different levels of theory, see results in Table 3.2. For the bare cluster, we find an
LDA and a PBE HOMO-LUMO gap of 1.51 eV and 1.60 eV, respectively. Both values strongly
underestimate experiments with a measured optical gap of 3.0 eV of Cd33Se33 [156] probably
due to the spurious self-interaction of the HOMO. In contrast, after one-shot G0W0@LDA and
G0W0@PBE, the HOMO-LUMO gap opens up to 3.64 eV and 3.62 eV, respectively. The G0W0

HOMO-LUMO gaps are compatible with the experimental optical gap in the sense that the ex-
perimental optical gap ist smaller than the G0W0 HOMO-LUMO gap due to the exciton binding
energy. For a computation of the optical gap, the Bethe-Salpeter equation on top of G0W0 would
be necessary.

For the Cd33Se33 cluster with ligands, electron-donating ligands as amines hardly affect the
HOMO-LUMO gap of the Cd33Se33 nanocluster. This effect is seen on both levels of theory,
LDA/PBE and G0W0. In contrast, the HOMO-LUMO gap of Cd33Se33 is strongly affected by
electron-attracting ligands as formic acid. Again, this effect is seen on both levels of theory,
LDA/PBE and G0W0. The influence of the ligands on the HOMO-LUMO gap of Cd33Se33 was
already found in Ref. [145] by LDA and PBE calculations and we validated this finding by G0W0.

3.4 Application of eigenvalue-selfconsistent GW to linear acenes
In this section, we apply eigenvalue-selfconsistent GW (evGW) to compute the HOMO-LUMO
gap of linear acenes, see Fig. 3.12 for the molecular geometry. This application is motivated by a
recent DFT-based study by Korytár et al. [88] indicating that the HOMO-LUMO gaps of acenes
may not decay monotonously with increasing number of benzene rings, but can oscillate. The
key ingredient to obtain a reasonable evGW HOMO-LUMO gap is to employ a proper electronic
ground state. Concerning the ground state of acenes, contradictory findings have been reported,
see Sec. 3.4. The main point of debate is whether the ground state of acenes is a radical or not.
For our evGW HOMO-LUMO-gap calculations, we employ closed-shell and open-shell broken-
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Figure 3.12: Molecular structure of the first four acenes.

symmetry DFT ground states as described in the computational details in Sec. 3.4. Then, we
compare evGW HOMO-LUMO gaps of anthracene, tetracene and pentacene to experimental val-
ues (Sec. 3.4). In Sec. 3.4, we predict the HOMO-LUMO gap of long acenes employing evGW
based on closed-shell and open-shell broken-symmetry DFT ground states. We find distinct dif-
ferences between the closed- and the open-shell evGW HOMO-LUMO gaps for long acenes. In
future experiments, a comparison of measured HOMO-LUMO gaps and our calculated evGW
values may be helpful to identify whether the ground state of the acene exhibits a closed-shell or
polyradical configuration.

Electronic ground state of acenes
In DFT studies employing hybrid functionals, singlet broken-symmetry, spin-polarized ground
states have been reported for acenes with Nrings ≥ 6. [99] This finding can be rationalized by Clar’s
theory. For details, we refer to Ref. [157]. Since a polyradical singlet ground state is not described
by a single Slater determinant, it is difficult to interpret whether DFT or Hartree-Fock based studies
predict the correct spin configuration of the ground state.

Two findings from density matrix renormalization group (DMRG) calculations, which incor-
porate multiple Slater determinants, have been reported: In the recent study by Korytár et al. [88],
the DMRG with on-site and nearest-neighbor interactions indicates that the ground state of acenes
does not exhibit a (simple) broken-symmetry phase. Hachmann et al. [98] concluded in their
DMRG study based on the full Coulomb interaction that longer acenes exhibit singlet polyradi-
cal character in their ground state. The latter finding was supported by multiconfiguration SCF
calculations by Plasser et al. [97] Experimental evidence for the ground state of longer acenes is
missing since the synthesis of gas-phase acenes with more than six rings (hexacene) remains a
challenge [158, 159].

Computational details
We perform closed-shell and open-shell DFT calculations on the acenes as basis for geometry
optimizations and the evGW calculations. For open-shell calculations, we initialize the wavefunc-
tions with a singlet broken-symmetry guess and keep zero total spin during the SCF cycle. We
obtain the oligoacene structures by a geometry optimization employing the PBE0 [85] functional
in a cc-TZVP basis.2

Eigenvalue-selfconsistent GW (evGW) calculations are performed as suggest by X. Blase et
al. [11] In this methodology, the eigenvalues εG0W0

n from Eq. (3.22) are employed to recompute the
correlation self-energy and finally every eigenvalue. This procedure is repeated up to convergence
and has been shown to give HOMO-LUMO gaps which are in good agreement with experimental
values, especially for organic semiconductors with extended π-systems. [34] As starting points
for the evGW calculations, we employ wavefunctions and eigenvalues from DFT calculations

2Geometry optimizations are performed with a closed-shell restriction for closed-shell evGW HOMO-LUMO
gap calculations and with a singlet broken symmetry for open-shell evGW HOMO-LUMO gap calculations.
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with the PBE0 and the tuned CAM-B3LYP functional. It has been pointed out by Bruneval and
Marques [31] that both functionals are two of the most reliable starting points for GW calculations
for molecules.

For the evGW HOMO-LUMO gap calculations, augmented basis sets are used. In augmented
basis sets as the aug-DZVP and aug-TZVP, evGW HOMO-LUMO gaps are close to the complete-
basis-set limit, see Fig. 3.3 for benzene and the literature [11, 35, 40, 45, 46]. All other parameters
are chosen as specified in Sec. 3.3 to ensure excellent convergence of the evGW results.

G0W0 and evGW HOMO-LUMO gaps of acenes compared to experiments
In Fig. 3.13, we compare open-shell G0W0 and evGW HOMO-LUMO gaps of anthracene, tetracene
and pentacene to experimental data [87]. It is important to note that the experimental assign-
ment of the vertical IP in acenes is controversial and displays large error bars, see Ref. [160]
and references therein. As an example, for the molecular crystal of tetracene, the error of the
HOMO-LUMO gap is estimated to be 0.5 eV. We find that the G0W0@tuned CAM-B3LYP
HOMO-LUMO gaps are close to experiment with a maximum deviation of 0.21 eV, while the
G0W0@PBE0 HOMO-LUMO gaps exhibit an average error of 0.4 eV compared to experiments.
After applying the self-consistency scheme on the eigenvalues as suggested by Blase et al. [11,34,
45,161] (evGW), we find that HOMO-LUMO gaps of both starting points are on average in agree-
ment by 0.03 eV to each other which has already been reported by previous authors [11,160,162].
The mean absolute deviation of the evGW HOMO-LUMO gaps to the experimental HOMO-
LUMO gaps remains below 0.1 eV for anthracene, tetracene and pentacene.

The difference of our values to previously reported evGW calculations on acenes in Refs. [11]
and [143] can be attributed to their use of LDA wavefunctions [11] and PBE wavefunctions [143]
as DFT input of evGW.

evGW HOMO-LUMO gaps of long acenes
We present HOMO-LUMO gaps of linear acenes computed with evGW for the PBE0 and the
tuned CAM-B3LYP starting point, see Fig. 3.14. First, we observe, that for all acenes, the evGW
HOMO-LUMO gaps based on PBE0 and tuned CAM-B3LYP starting points deviate by less than
0.10 eV (besides 10-acene and 11-acene in the closed-shell case). Second, we observe that the gaps
of anthracene and tetracene (Nrings = 3, 4) are identical for closed-shell and open-shell calculations.
The deviation between the closed-shell and open-shell evGW HOMO-LUMO gap of pentacene is
below 0.1 eV. This finding can be rationalized by Clar’s theory [157]: For small acenes, Clar’s
theory predicts a closed shell configuration, while for longer acenes, an open-shell configuration is
expected to be favoured. In agreement with this expectation, our (singlet) open-shell calculations
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Figure 3.14: evGW HOMO-LUMO gap of acenes within
an aug-DZVP basis for the PBE0 (blue) and the tuned
CAM-B3LYP starting point (green) with broken-symmetry
open-shell (circles) and closed-shell configuration (trian-
gulars). We find that the evGW gaps are only weakly de-
pendent on the starting DFT functional, but strongly de-
pendent on restricting the DFT calculation to closed shell
or not: The deviation of the evGW HOMO-LUMO gaps
between open-shell and closed-shell can be as large as
2.0 eV (for 10-acene and 11-acene). The distinct jump of
the evGW closed-shell gaps between 8-acene and 10-acene
is in agreement with the DFT-based study by Korytár et
al. [88] The reason is that close to 9-acene, the symme-
try of the HOMO and LUMO interchanges due to a level
crossing in the bandstructure of polyacene [89] as elabo-
rated in Ref. [88].

on anthracene to pentacene converge to a closed-shell-like ground state. As a consequence, the
evGW HOMO-LUMO gaps for anthracene to pentacene are (nearly) identical for the closed-shell
and the open-shell calculation.

For longer acenes, the difference between the closed-shell and the open-shell evGW gaps is
strongly increasing with a maximum of 2.0 eV for 10- and 11-acene: While the open-shell evGW
gaps are quickly saturating between 4.4 and 4.6 eV for 7-acene to 11-acene, the closed-shell evGW
gaps are rapidly decreasing from 4.0 eV (7-acene) to 2.3 eV or 2.4 eV (11-acene, evGW@PBE0
and evGW@tuned CAM-B3LYP). We conclude that a measurement of the HOMO-LUMO gap of
longer acenes (Nrings ≥ 6) may be able to identify whether the ground state of the acene exhibits a
closed-shell or polyradical configuration.

3.5 Conclusions
We have presented a G0W0 and eigenvalue-selfconsistent GW (evGW) implementation within
the Gaussian and plane waves scheme. Technically, we calculate the correlation self-energy for
imaginary frequencies employing a resolution-of-the-identity approach based on the Coulomb
metric. The correlation self-energy for real frequencies is evaluated by analytic continuation. Our
implementation is highly efficient and displays good parallel scalability enabling large-scale G0W0

and evGW calculations for systems containing hundreds of atoms.
We benchmarked the implementation for molecules and clusters. For molecules, we found an

average error of 0.1 eV between the G0W0@PBE0-HOMO energy in a 5ZVP basis and the vertical
ionization potential which is in agreement with previously published G0W0 data.

We applied evGW to compute the HOMO-LUMO gaps of closed-shell and open-shell broken-
symmetry linear acenes as function of the oligoacene length up to 11-acene. We find that the
closed-shell and broken-symmetry open-shell evGW HOMO-LUMO gaps of acenes differ by up
to 2.0 eV (for 11-acene). In future experiments, a comparison of measured HOMO-LUMO gaps
and our calculated evGW values may be helpful to determine whether the electronic ground state
exhibits a closed-shell or polyradical configuration.



Chapter 4

Periodic GW calculations in the Gaussian
and plane waves scheme

The following chapter is a reprint of Ref. [163]. We present a correction scheme for periodic
Γ-point-only GW calculations in a Gaussian basis. For four benchmark systems, the dependence
of the corrected GW quasiparticle levels on the cell size is reduced by a factor of three to ten com-
pared to GW calculations without correction. The correction scheme comes along with negligible
computational cost and enables GW calculations for supercells containing hundreds of atoms with
Gaussian basis functions.

4.1 Introduction
The accurate prediction of photoelectron spectroscopy is still a major computational challenge in
many fields of physics, chemistry, and materials science. [68] For medium and large systems, the
most used method is Kohn-Sham (KS) density functional theory. [5] As it is well-known, using
KS-DFT eigenvalues for computational spectroscopy has a serious fundamental and practical lim-
itation: Depending on the parametrization of the exchange-correlation functional, the KS-DFT
eigenvalues can shift substantially.

The GW approximation [9] promises better accuracy for the calculation of quasiparticle energy
levels. Besides the search for more accurate GW flavours [33, 164–166], the main challenges of
GW is related to the high computational cost and numerical issues. Therefore, it is not surprising
that it took more than twenty years between proposing the GW method by Hedin [9] and the first
application to real materials by Hybertsen and Louie [10].

Significant progress has been made in reducing the computational cost of GW in recent years:
Plane-wave GW implementations commonly suffer from requiring many virtual states and the in-
version of large dielectric matrices. Here, the comination of without-virtual-states techniques [14,
70, 167] with a low-rank approximation of the dielectric matrix [14, 168–171] can improve the
computational efficiency enabling large-scale applications [172–174]. Another approach is to
reformulate GW in a Gaussian basis which can significantly reduce the dimensionality of the in-
volved matrices [11–13, 20, 30, 37, 42, 161, 175–177]. GW in a Gaussian basis can be applied
to molecules without difficulty [31, 34, 43, 47, 48, 71, 178–182] in contrast to plane-waves imple-
mentations where several technical issues have to be addressed [14, 52, 183]. Large-scale GW
calculations also have been reported using stochastic orbitals [21, 23].

Another issue of periodic GW is the necessity for a correction due to the spurious self-interaction
between periodic images of quasiparticle wavefunctions. This self-interaction results in a slow 1/L
convergence of the GW quasiparticle levels with the cell length L. In case of Brillouin zone sam-
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pling, the 1/L convergence translates to a N−1/3
k convergence with the number of k-points. [184] A

similar slow convergence as in GW has been found for coupled cluster [185,186] and Hartree-Fock
exchange in the condensed phase. For the latter, various corrections exist that aim to accelerate
the Brillouin zone convergence, including auxiliary function techniques [187] and real-space trun-
cation of the Coulomb interaction [116, 188, 189].

For plane-waves implementations of GW, several correction schemes have been proposed to
correct for this slow convergence: Analytic integration of the divergence at the Γ-point [10,28,59]
which is suitable in case of dense k-point sampling, the Γ-offset method [63,190,191], or Brillouin
zone integration using analytical limits at the Γ-point [14, 52, 54, 184, 192]. In the pioneering
implementation of periodic GW with Gaussians by Rohlfing et al. [176, 177], which is so far the
only implementation of periodic GW in a Gaussian basis to the best of our knowledge, dense
k-point sampling is used while the periodic correction has been computed in a plane-waves basis.

In this work, we propose a correction scheme for periodic Γ-point-only GW calculations in
a Gaussian basis. In Sec. 4.2, we derive our correction scheme in detail. We show benchmark
calculations on four materials in Sec. 4.3.

4.2 Derivation of the correction to the periodic GW self-energy
in a Gaussian basis

In this section, we derive a correction for periodic GW calculations that accelerates the slow 1/L
convergence of GW quasiparticle energies with the cell length L. In Sec. 4.2, we start with a brief
review of periodic GW calculations in a plane-waves basis. Then, the derivation is tailored to the
use of Gaussian basis functions and the resolution of the identity with the overlap metric (Sec. 4.2).
To apply the correction schemes from plane-waves GW, we express the screened Coulomb interac-
tion, the dielectric matrix and the polarizability as square matrices in the resolution-of-the-identity
(RI) basis, which corresponds to a plane-waves basis in plane-waves GW (Sec. 4.2). For the cor-
rection scheme, we add the G = 0 function to the RI basis, see Sec. 4.2. The k-dependence of
the polarizability, the dielectric function and the screened Coulomb interaction is needed for the
correction and given in Sec. 4.2. Using the k-dependence of the screened Coulomb interaction
and Brillouin zone sampling, we integrate the singularity in the self-energy, see Sec. 4.2. Finally,
we give the algorithm for periodic GW calculations in a Gaussian basis in Sec. 4.2.

Periodic GW calculations in a plane-waves basis
In this section, we summarize periodic GW calculations in a plane-waves basis with a focus on
the divergence of the screened Coulomb interaction at the Γ-point. The equations are taken from
Refs. [28], [54] and [193].

The equation for computing the G0W0 bandstructure εG0W0
nk reads [28, 54]

εG0W0
nk = εDFT

nk + ZnkRe 〈nk|Σc(εDFT
nk ) + Σx − Vxc

DFT|nk〉 (4.1)

where we focus on the correlation part Σc
nk of the self-energy in this work. On the imaginary

frequency axis and using a plane-waves basis, it can be computed as

Σc
nk(iω) = −

1
2π

1
Ω

1. BZ∑
q

all∑
m

∫ ∞

−∞

dω′
1

i(ω − ω′) + εF − εmk−q

∑
GG′

Ank,mk−q
G,q Wc

GG′(iω
′,q)

(
Ank,mk−q

G′,q

)∗
(4.2)
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where Ω = Ωcell/Nk and Ank,mk−q
G,q is given by

Ank,mk−q
G,q = 〈nk|ei(q+G)r|mk − q〉 . (4.3)

The correlation part of the screened Coulomb interaction reads

Wc
GG′(iω,q) =

√
4π

|q + G|
(
ε−1

GG′(iω,q) − δGG′
) √

4π
|q + G′|

, (4.4)

and the symmetric dielectric function is given by

εGG′(iω,q) = δGG′ −

√
4π

|q + G|
χ0

GG′(iω,q)

√
4π

|q + G′|
, (4.5)

where χ0
GG′(iω,q) is the independent particle polarizability,

χ0
GG′(iω,q) =

1
Ω

occ,virt∑
kia

Aik,ak−q
G,q

2(εik − εak−q)
ω2 + (εik − εak−q)2

(
Aik,ak−q

G′,q

)∗
. (4.6)

Now, we focus on the divergent terms for G = 0 at the Γ-point of the Brillouin zone, k→0.

We start by analyzing the head of the polarizability, χ0
00(q, iω). Note that Aik,ak−q

0,q
q→0
−→ iq 〈ik|r|ak〉

for q→0 which can be seen by Taylor expansion of eiqr for small q and the orthogonality of
molecular orbitals, 〈ik|ak〉= 0. [184, 194] Therefore, χ0

00(q, iω) =O(|q|2) holds for small q and
ε00(q, iω) remains finite for q→0. For q→0, the head, Wc

00(q) and the wings, Wc
G0(q), Wc

0G′(q)

diverge as 1/q2 and 1/q, respectively, see Eq. (4.4). At the same time Ank,nk−q
0,q

q→0
−→ 1 and therefore,

the entire expression for the Brillouin zone sampling in Eq. (4.2) diverges as 1/q2 for small q.
In the limit of very fine k-point sampling, we have

∑
q f (q)→Ω/(2π)3

∫
dq 4πq2 f (q) such

that the divergent terms f (q) = 1/q2 and f (q) = 1/q can be integrated. Thus, the Brilluoin zone
sampling of the head and wings of Wc in Eq. (4.2) converge to a finite value when increasing the
k-point mesh. The Γ-point has to be excluded from the k-point sampling of the head and the wings
of Wc due to the division by 0 in Eq. (4.4). In the case of a finite k-point mesh with a distance
1/L =

3√1/Ω of the Γ-point to other k-points, the integration of the head Wc
00(q) in Eq. (4.2) for the

Γ-point, scales as ∫
B1/L(0)

d3q
1
q2 = 4π

∫ 1/L

0
dq =

4π
L
, (4.7)

where we used the notation Br(0) for the sphere in the Brillouin zone with radius r around the
Γ-point. We miss the 1/L-scaling G = 0 terms of Wc in our Γ-point implementation with Gaussian
basis functions. This results in a slow convergence of 1/L for GW quasiparticles with the cell
length L. To achieve a fast convergence of GW quasiparticle levels with the cell size, we derive a
correction term for our Gaussian Γ-point GW implementation in this work.

Resolution of the identity with overlap metric
As in the GW implementation [30] in the CP2K package [72,73], canonical GW implementations
in a localized basis [11, 13, 175] employ the resolution of the identity (RI) to reduce the compu-
tational scaling of GW from O(N6) to O(N4). In this section, we give the equations that are used
for the RI. The following index notation has been adopted: i, j (a, b) refer to occupied (virtual)
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molecular orbitals (MOs) ψ; n,m to either occupied or virtual ones; µ, ν, λ, σ to primary Gaussian
basis functions φ and P,Q to auxiliary Gaussian RI basis functions ϕ. The primary basis func-
tions φµ are employed to expand the KS orbitals while the RI basis {ϕP} is used to expand GW
quantities as the polarizability, dielectric function and the screened Coulomb interaction, as we
show in Sec. 4.2.

In Γ-point-only GW, four-center Coulomb integrals

(ia| jb) =

∫
Ωcell

dr
∫
R3

dr′ψi(r)ψa(r)ψ j(r′)ψb(r′)v(r, r′) (4.8)

are appearing where v(r, r′) = 1/|r − r′| denotes the Coulomb potential. All KS orbitals ψn(r) in
Eq. (4.8) are periodically repeated Bloch states at the Γ-point where we drop the k = 0 index.
Within the RI approximation based on the overlap metric, these integrals are factorized to [120]

(ia| jb)RI =
∑

PQRS

(iaP)S −1
PQVQRS −1

RS (S jb) . (4.9)

The resolution of the identity can be seen as inserting Id =
∑

PQ |P〉 S −1
PQ 〈Q| twice into Eq. (4.8)

which is exact in the limit of a complete RI basis {P}. Here, the overlap matrix S in the RI
basis, [195]

S PQ =

∫
R3

dr ϕP
P(r)ϕQ(r) (4.10)

is appearing since the Gaussian RI basis is non-orthogonal. The superscript P indicates that the
functions are periodically repeated for condensed phase systems,

ϕP
Q(r) =

∑
i

ϕQ(r − Ri) , (4.11)

where Ri are the lattice vectors and ϕQ is a Gaussian basis function being localized on a single
atom. Further, V denotes the Coulomb matrix in the RI basis,

VPQ =

∫
Ωcell

dr
∫
R3

dr′ϕP
P(r)ϕP

Q(r′)v(r, r′) . (4.12)

In practice, we compute the RI-Coulomb matrix by Ewald summation [75, 196]

VPQ =
∑
G>0

ϕP(G)ϕQ(G)
|G|2

. (4.13)

We refer to the computation of Coulomb matrix elements in Eq. (4.13) as Gaussian and Plane
Waves method which is commonly used for the Hartree energy [127] and for wavefunction corre-
lation methods [76, 77, 80, 197–200]. The G = 0 component is excluded from Eq. (4.13) due to a
divergence for s-type basis functions P,Q with ϕP,Q(G=0), 0. The three-center overlap integrals
(µνP) are given by [195]

(µνP) =

∫
R3

dr φP
µ(r)φP

ν (r)ϕP(r) . (4.14)

The three-center overlap integrals (iaP) in Eq. (5.4) can be computed from Eq. (5.8) by

(iaP) =
∑
µν

CµiCνa(µνP) (4.15)
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where the MO coefficients Cµn are obtained from the expansion of MOs in the primary Gaussian
basis from KS DFT

ψn(r) =
∑
µ

Cµnφ
P
µ(r) . (4.16)

The RI factorization from Eq. (5.4) can be expressed in a compact form as

(ia| jb)RI =
∑

P

Bia
P B jb

P , (4.17)

where the vector bia is given by

Bia
P =

∑
QR

(iaQ)S −1
QRLRP , (4.18)

where L is the Cholesky decomposition of V from Eq. (4.13),

V = LL† . (4.19)

For later use, we define aia by

Aia
P =

∑
Q

(iaQ)S −1
QP . (4.20)

Screened Coulomb interaction, dielectric matrix and polarizability within RI
In this section, we rewrite the self-energy in a Gaussian basis to match the formulas in a plane-
waves basis. For expanding GW quantities as the polarizability, the dielectric function and the
screened Coulomb interaction, we employ the Gaussian RI basis from Sec. 4.2. This is the key to
adopt the periodic correction from plane-waves GW to GW in a Gaussian basis.

As in Eq. (4.1), we compute the G0W0 quasiparticle energies in a Gaussian basis by

εG0W0
n = εDFT

n + ZnRe 〈n|Σc
n(εDFT

n ) + Σx − Vxc
DFT|n〉 (4.21)

where we have dropped the k-point index for a Γ-point-only implementation. The correlation
part of the self-energyis is calculated for imaginary frequencies and analytically continued to real
energies. [13, 24, 38, 39, 59, 71, 124–126] In a Gaussian basis, the correlation self-energy can be
computed as [13, 30, 39]

Σc
n(iω) = −

1
2π

∑
m

∫ ∞

−∞

dω′
1

i(ω − ω′) + εF − εm

∑
PQ

Bnm
P

[[
1 − Π(iω′)

]−1
PQ − δPQ

]
Bmn

Q , (4.22)

where

ΠPQ(iω) = 2
∑

ia

Bia
P

εi − εa

ω2 + (εi − εa)2 Bia
Q . (4.23)

Inserting Eq. (5.11) into Eq. (4.22) and using the definition in Eq. (4.20) yields

Σc
n(iω) = −

1
2π

∑
m

∫ ∞

−∞

dω′
1

i(ω − ω′) + εF − εm

∑
PQ

Anm
P Wc

PQ(iω′)Amn
Q , (4.24)
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where the correlation part of the screened Coulomb potential Wc(iω) is expanded in the Gaussian
RI basis,

Wc
PQ(iω) =

∑
RT

LPR

[
ε−1

RT (iω) − δRT

]
L†T Q , (4.25)

and the symmetric dielectric matrix ε(iω) in the RI basis is given by ε(iω) = 1−Π(iω) with ele-
ments

εPQ(iω) = δPQ −
∑

ia

∑
RT

L†PRAia
R

2(εi − εa)
ω2 + (εi − εa)2 Aia

T LT Q , (4.26)

where we have used Eq. (5.11), (4.20) and (4.23). In matrix notation, we have

ε(iω) = 1 − L†χ0(iω)L (4.27)

and the polarizability χ0(iω) in the RI basis with elements χ0
PQ(iω) reads

χ0
PQ(iω) =

∑
ia

Aia
P

2(εi − εa)
ω2 + (εi − εa)2 Aia

Q . (4.28)

As it can be seen by comparing Eq. (4.24) and (4.2), as well as Eq. (4.28) and (4.6), the
RI basis {ϕP} corresponds to a plane-waves basis in plane-waves GW. We neglect the G = 0
component when computing the bare Coulomb interaction in the RI basis in Eq. (4.13) and thus
our RI basis only spans the subspace of plane waves with |G|> 0. For a correction that removes
the slow 1/L convergence of GW with the cell size L from Sec. 4.2, we add the G = 0 function as
additional function to the RI basis, as we show in the following section.

Setting the G = 0 component of Gaussian RI basis functions to zero and adding
a single G = 0 function to the RI basis
Following the discussion at the end of the last section, we describe in this section how to add the
G = 0 function to the Gaussian RI basis.

Consider Naux Gaussian RI basis functions ϕ1, . . . , ϕNaux where all Gaussian RI functions exhibit
a vanishing G = 0 component. This redefinition does not affect the GW results since the G = 0
component is not used, see Eq. (4.13). Now, we add the G = 0 function to the RI basis and the
new RI basis consists of Naux+1 functions ϕ0, ϕ1, . . . , ϕNaux , where ϕ0 is the G = 0 function which
is a normalized constant in real space,

ϕ0(r) = Ω
−1/2
cell δr∈Ωcell . (4.29)

Then, the Γ-point-only overlap matrix S reads

S ≡
(

S head Swings

S†wings Sbody

)
=

(
1 0
0 Sbody

)
(4.30)

where Sbody is the overlap matrix of the Gaussian RI basis. The wings of S are zero since, according
to the redefinition from above, all RI Gaussian basis functions P ∈ [1,Naux] do not exhibit a G = 0
component:

S 0P = S P0 =
∑

G

ϕ0(G)ϕP(G) = 0 . (4.31)
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k-dependent polarizability, dielectric function and screened interaction
In this section, we expand the polarizability, the dielectric function and the screened Coulomb
interaction in the Gaussian RI basis with additional G = 0 function from Sec. 4.2. Moreover, we
adopt k-points for head and wing elements from plane-waves GW, see Sec. 4.2.

We start with the polarizability using Γ-point-only for the body [59]

χ0(iω,k) =


χ0

head(iω,k) χ0
wings(iω,k)(

χ0
wings(iω,k)

)†
χ0

body(iω)

 . (4.32)

Omitting the integration over the first Brillouin zone for the polarizability, its head is given by
Eq. (4.6)

χ0
00(iω,k) =

1
Ωcell

∑
ia

2(εi − εa)
ω2 + (εi − εa)2

∣∣∣〈ψi0|eikr|ψa−k〉
∣∣∣2 . (4.33)

The prefactor 1/Ωcell results from the normalization of ϕ0(r) from Eq. (4.29). The wings are given
by

χ0
0Q(iω,k) =

1

Ω
1/2
cell

∑
ia

Aia
Q

2(εi − εa)
ω2 + (εi − εa)2 〈ψi0|eikr|ψa−k〉 (4.34)

using the Γ-point for the RI basis function Q, cf. Eq. (4.6) and (4.28).
The dielectric matrix from Eq. (4.27) for k-points is given by

ε(iω,k)
(4.5)
= 1 − L†(k)χ0(iω,k)L(k) , (4.35)

where L(k) is the Cholesky decomposition of the Coulomb matrix

V(k) ≡
(

Vhead(k) 0
0 Vbody

)
= L(k)L†(k) . (4.36)

The elements of V(k) are given by [184, 195]

V00(k) =
4π
|k|2

, VPQ =
∑
G>0

ϕP(G)ϕQ(G)
|G|2

, (4.37)

which are well-defined for k, 0. The wings of V(k) vanish since ϕ0(G) = δG,0 and ϕP(G = 0) = 0
for the remaining Gaussian RI functions. For Vbody, only the Γ point is used. Then, the Cholesky
decomposition L(k) of V(k) reads

L(k) =

( √
4π/|k| 0

0 Lbody

)
, (4.38)

where Lbody is the Cholesky decomposition of the body Coulomb matrix Vbody.
The head, wings and the body of the dielectric matrix from Eq. (4.35) are defined as

ε(iω,k) ≡

 εhead(iω,k) εwings(iω,k)

ε†wings(iω,k) εbody(iω)

 (4.39)
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and read when using Eq. (5.29) and (4.38)

εhead(iω,k) = 1 − 4πχ0
head(iω,k)/|k|2 , (4.40)

εwings(iω,k) = −
√

4πχ0
wings(iω,k)Lbody/|k| , (4.41)

εbody(iω) = 1 − L†bodyχ
0
body(iω)Lbody . (4.42)

Its inverse ε inv(iω,k) is given by (for k, 0)

ε inv(iω,k) ≡

 ε inv
head(iω,k) ε inv

wings(iω,k)

ε inv,†
wings(iω,k) ε inv

body(iω,k)

 := ε−1(iω,k) , (4.43)

where its elements are given by inverting Eq. (4.39)

ε inv
head(iω,k) = 1/[εhead(iω,k) − εwings(iω,k)ε−1

body(iω)ε†wings(iω,k)] . (4.44)

ε inv
wings(iω,k) = − ε inv

head(iω,k)εwings(iω,k)ε−1
body(iω) (4.45)

ε inv
body(iω,k) = ε−1

body(iω) + ε inv
head(iω,k)ε−1

body(iω)ε†wings(iω,k)εwings(iω,k)ε−1
body(iω) . (4.46)

Analogously to Eq. (4.4) and Eq. (4.25), we obtain Wc(iω,k) for k, 0 as

Wc(iω,k) = L(k)(ε inv(iω,k) − 1)L†(k) (4.47)

=

 4π(ε inv
head(iω,k) − 1)/|k|2

√
4π ε inv

wings(iω,k)Lbody/|k|
√

4πL†bodyε
inv,†
wings(iω,k)/|k| L†body(ε inv

body(iω,k) − 1)Lbody

 . (4.48)

k-point sampling for the self-energy in the limit of k→0

In order to identify, which contributions have to be taken into account for the correction in periodic
GW in a Gaussian basis, we examine the behaviour of the k-point sum in the self-energy at the
Γ-point, k→0.

Comparing Eq. (4.2) and Eq. (4.24) and assuming flat bands (εmq = εm), we obtain:

Σc
n(iω) = −

1
2π

∑
m

∫ ∞

−∞

dω′
1

i(ω − ω′) + εF − εm

1
Nk

∑
k,0

∑
PQ

An0,m−k
Pk Wc

PQ(iω,k)
(
An0,m−k

Qk

)∗
. (4.49)

The summation over the RI indices P,Q include the summation over the G = 0 RI function. Due
to the divergence of the head Wc

00(iω,k) and the wings, Wc
P0(iω,k) and Wc

0Q(iω,k), for k→0, the
Γ point is excluded from the summation. The three-center overlap integrals in the limit of small k
for the G = 0 RI function are given by [184, 194]

An0,n−k
0k = 〈ψn0|eikr|ψn−k〉

k→0
= 1 + ik 〈ψn0|r|ψn0〉 , (4.50)

An0,m−k
0k = 〈ψn0|eikr|ψm−k〉

k→0
=

n,m
ik 〈ψn0|r|ψm0〉 , (4.51)
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Then, the sum over RI basis functions in Eq. (4.49) for n = m using the matrix-vector notation
with the row vector (ann(k))P = An0,m−k

Pk in the limit k→0 turns into

ann(k)Wc(iω,k) (ann(k))† k→0
=

(4.50)
=

(
1 + ik 〈ψn0|r|ψn0〉 ann

body

)  4π(ε inv
head(iω,k) − 1)/|k|2

√
4π ε inv

wings(iω,k)Lbody/|k|
√

4πL†bodyε
inv,†
wings(iω,k)/|k| L†body(ε inv

body(iω,k) − 1)Lbody


(4.52)

×

 1 − ik 〈ψn0|r|ψn0〉

(ann
body)T


=

4π
|k|2

(ε inv
head(iω,k) − 1) −

√
4π
|k|1

Re
(
2ε inv

wings(iω,k)Lbody(ann
body)T

)
+ O

(
1
|k|0

)
(4.53)

=
4π
|k|2

(ε inv
head(iω,k) − 1) + O

(
1
|k|0

)
. (4.54)

The 1/|k|1 term in Eq. (4.54) vanishes due to Re(ε inv
wings(iω,k)) = 0 for k→0 [see Eqs. (4.45),

(4.42), and (4.34)] and Im(Lbody(ann
body)T) = 0. Therefore, a correction due to wing contributions of

Wc seems to be of minor importance compared to the head when using a Gaussian basis.
For the contraction with n,m in Eq. (4.49), we have

anm(k)Wc(iω,k) (amn(k))†
(4.51)
= O(1/|k|0) . (4.55)

Therefore, we do not include An0,m−k
0k matrix elements with n,m from Eq. (4.49) in the periodic

correction scheme.
Then, the k-point sum for the periodic correction from Eq. (4.49) only includes the head of Wc

and matrix elements An0,n−k
0k with n = m:∑

mPQ

∑
k,0

An0,m−k
Pk Wc

PQ(iω,k)
(
An0,m−k

Qk

)∗
=

∑
k,0

4π
|k|2

(
ε inv

head(iω,k) − 1
) ∣∣∣〈ψn0|eikr|ψn−k〉

∣∣∣2 + O

(
1
|k|0

)
.

(4.56)

The divergence 1/|k|2 in Eq. (4.56) is integrable, as discussed in Sec. 4.2.

Algorithm of the correction scheme for periodic GW with Gaussians
1. Setup a k-point mesh excluding the Γ-point.

2. Compute χ0
head(iω,k) according to Eq. (4.33):

χ0
head(iω,k) =

1
Ωcell

∑
ia

2(εi − εa)
ω2 + (εi − εa)2

∣∣∣〈ψi0|eikr|ψa−k〉
∣∣∣2 , (4.57)

According to what has been discussed in the previous section, we assume the wings to have a
small contribution and we exclude their computation.

3. Compute the head of the dielectric matrix from Eq. (4.42):

εhead(iω,k) = 1 − 4πχ0
head(iω,k)/|k|2 . (4.58)
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4. Compute the head of the inverse dielectric matrix ε inv according to Eq. (4.44) with neglecting
wing contributions:

ε inv
head(iω,k) =1/εhead(iω,k) . (4.59)

5. Compute the correction term ∆nn(iω) for the head of Wc in 1/Ω
∑

k anm(k)Wc(iω,k) (anm(k))†

in Eq. (4.49) according to Eq. (4.56) as:

∆nn(iω) =
4π
Ω

∑
k,0

ε inv
head(iω,k) − 1
|k|2

∣∣∣〈ψn0|eikr|ψn−k〉
∣∣∣2 . (4.60)

Then, the Γ-point-only correlation self-energy from Eq. (4.22) including the correction term
∆nn(iω) reads

Σc
n(iω) = −

1
2π

∑
m

∫ ∞

−∞

dω′
1

i(ω − ω′) + εF − εm

×
[∑

PQ

Bnm
P

[[
1 − Π(iω′)

]−1
PQ − δPQ

]
Bmn

Q + ∆nn(iω′)δnm

]
.

(4.61)

4.3 Benchmark calculations

Computational details
For all calculations reported here, we employ the Gaussian and plane waves scheme (GPW) [27]
together with Goedecker-Teter-Hutter (GTH) type pseudopotentials [130, 131] for the underly-
ing generalized Kohn-Sham (KS) equations with the PBE functional [96] as implemented in
CP2K [72, 73, 127–129]. For the exchange self-energy from Eq. (4.21), we employ a real-space
truncation of the Coulomb interaction [116, 188, 189] with a truncation radius equal to half of the
cell size.

For expanding the KS orbitals, we use correlation-consistent (cc) Gaussian basis sets [133,134]
which are specifically designed for the use with GTH pseudopotentials. The basis set extrapolated
GW results are obtained from the cc double-, triple- and quadrupole zeta split-valence quality basis
sets by a linear regression against the inverse of the total number of basis functions. [12, 30, 71]
The extrapolation in the basis set for KS orbitals typically results in statistical errors below 0.1 eV
for GW quasiparticle levels. [71]

The Gaussian RI basis set is used for expanding the screened Coulomb interaction and is
designed for the use with a specific basis set for the KS orbitals, as described in Ref. [136].
Typically, the convergence of GW quasiparticle energies with respect to the RI basis is fast such
that an extrapolation is not necessary for the RI basis.

The Berry phase 〈φµ|eikr|φν〉 in the Gaussian basis is available in standard quantum chemistry
codes for calculating dipole moments in periodic systems [201–206]. To ensure numerical stability
when computing the Berry phase in the Gaussian basis, we employ a non-diffuse auxiliary basis
and project the MO coefficients into this subspace. [138,139] We employ 6×6×6 and 12×12×12
k-point meshes and extrapolate the results to the infinitely dense k-point mesh.

As benchmark systems, we employ solid Lithium hydride, diamond, and the molecular crystals
build of ammonia and carbon dioxide molecules. For LiH and diamond, we employ the exper-
imental lattice constants of 4.084 Å and 3.567 Å, respectively. For both molecular crystals, we
employ the geometry from Ref. [207].
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Reference Diamond Lithium hydride

This work 5.48± 0.06 eV 4.66± 0.04 eV
Ref. [208] 5.54 eV –
Ref. [209] 5.55 eV –
Ref. [22] 5.50 eV –
Ref. [210] – 4.75 eV
Experiment [22, 211] 5.48 eV 4.99 eV

Table 4.1: G0W0@PBE HOMO-LUMO gap of diamond and solid Lithium hydride and measured
fundamental gaps from the literature.

Results
The basis-set extrapolated G0W0@PBE fundamental gaps as function of the cell size are shown
in Fig. 4.1. We compare the results without correction [Eq. (4.21) together with Eq. (4.22), blue]
with the results employing the correction [Eq. (4.21) together with Eq. (4.61), green].

For the uncorrected G0W0@PBE fundamental gaps (blue), we observe a slow 1/L convergence
with the cell length L. The extrapolation with the inverse cell length yields the G0W0@PBE gaps
of 4.66± 0.04 eV for LiH, 5.48± 0.06 eV for diamond, 7.49± 0.11 eV for the NH3 crystal and
10.51± 0.07 eV for the CO2 crystal. The statistical error includes both errors from basis set and
the supercell extrapolation. These values are in good agreement with (indirect) fundamental gaps
from the literature, see Table 4.1. For both molecular crystals, we are not aware of fundamental
gaps from the literature. We conclude that using basis set and supercell extrapolation, a Γ-point-
only G0W0 implementation can give accurate fundamental gaps.

In practice, the extrapolation of the supercell can be impossible since the unit cell is already
large if disordered systems are considered, e.g. in molecular dynamics simulations [14, 172, 173].
For GW calculations of these systems, a periodic correction is necessary. In Fig. 4.1, we show the
fundamental G0W0@PBE gaps when using our correction from Sec. 4.2. We observe that the gaps
computed with the correction are a factor three to ten closer to the extrapolated gap than the non-
correct ones. For the largest supercells which correspond to typical cells in molecular dynamics
simulations, the corrected G0W0@PBE gaps are all within 0.5 eV compared to the extrapolated
values. This improves substantially compared to the uncorrected gaps and turns the Γ-point-only
GW method in a Gaussian basis into a useful tool for computing quasiparticle levels in periodic,
disordered systems where large unit cells are necessary.

4.4 Conclusions
We have presented a correction scheme for periodic Γ-point-only GW calculations in a Gaussian
basis. The correction is derived by adding the G = 0 function to the resolution-of-the-identity (RI)
basis. As a second step, we apply k-point sampling for the correction mimicking an infinitely large
cell for the head matrix elements, i.e. the diagonal elements corresponding to the G = 0 function in
the RI basis. For the benchmark systems solid Lithium hydride, diamond and two molecular crys-
tals, the dependence of the corrected GW quasiparticle levels on the cell size is reduced by a factor
of three to ten compared to GW calculations without correction. The correction scheme comes
along with negligible computational cost and enables GW calculations for supercells containing
hundreds of atoms with Gaussian basis functions.
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Figure 4.1: Basis-set extrapolated G0W0@PBE fundamental gaps of solid Lithium hydride, dia-
mond and the molecular crystals NH3 and CO2 as function of the supercell size. The blue circles
are the gaps computed without correction, see Eq. (4.21) together with Eq. (4.22), where the blue
line represents the linear regression. The intersept of the regression line with the ordinate deter-
mines the supercell extrapolated gap which is indicated by the dashed gray line. By the green
dots, we show the gaps being computed with the periodic correction from Eq. (4.21) together with
Eq. (4.61) where the dashed green lines are simple connections of the data points to guide the eye.
It is observed that the corrected gaps are much closer to the supercell extrapolated gap compared
to the non-corrected gaps.



Chapter 5

Cubic-scaling RPA correlation energy
calculations using a Gaussian basis

The following chapter is a reprint of Ref. [195]. We present an algorithm for computing the cor-
relation energy in the random phase approximation (RPA) in a Gaussian basis requiring O(N3)
operations and O(N2) memory. The method is based on the resolution of the identity (RI) with
the overlap metric, a reformulation of RI-RPA in the Gaussian basis, imaginary time and imag-
inary frequency integration techniques and the use of sparse linear algebra. Additional memory
reduction without extra computations can be achieved by an iterative scheme which overcomes
the memory bottleneck of canonical RPA implementations. We report a massively parallel im-
plementation which is the key for the application to large systems. Finally, cubic-scaling RPA is
applied to two thousand water molecules using a correlation-consistent triple-zeta quality basis.

5.1 Introduction
The random phase approximation (RPA) for computing electron correlation energies [212, 213]
has emerged as an accurate tool for predicting properties of isolated molecules [214–222] and
condensed phase systems [80, 198–200, 223–238]. In its simplest form, the RPA total energy is
the sum of the Hartree-Fock (HF) energy EHF and the RPA correlation energy ERPA

c , [123]

E = EHF[{ψn}] + ERPA
c [{ψn, εn}] . (5.1)

The RPA total energy is typically evaluated after a self-consistent field (SCF) procedure, i.e.,
the converged molecular orbitals ψn from the SCF and their corresponding eigenvalues εn are
employed to evaluate the HF energy and the RPA correlation energy. RPA combines a number
of attractive features, most importantly that long-range dispersion is included – in contrast to
semilocal density functionals. [78, 123, 219, 239–243]

The drawback connected with RPA is the computational cost: For canonical implementations
of RPA in a plane-waves basis [244–246] or in a localized basis within the resolution of the identity
(RI) [13, 75, 76, 123], the computational cost of RPA scales as O(N4) with respect to the system
size N. Recently, low-scaling RPA algorithms have been explored: Moussa [247] employed the
connection of RPA to coupled-cluster theory for constructing an O(N3) scaling RPA+SOSEX
algorithm. In this case, the cubic scaling has been demonstrated employing chains of hydrogen
atoms. Kaltak et al. [248] use a plane-wave basis, minimax grids in imaginary frequency and
imaginary time to arrive at a cubic-scaling algorithm. They applied their implementation for
studying supercells of silicon [249] containing up to 256 atoms. Linear-scaling RPA algorithms
have also been reported [250–253] which either rely on localization techniques [250], stochastic

41
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sampling [251, 252] or sparsity of density matrices [253]. Large-scale applications of linear-
scaling RPA have only been reported so far in Ref. [251] and [252] using stochastic sampling.

In this work, we employ localized Gaussian basis functions. We combine the O(N4) RI-RPA
method by Eshuis et al. [123] and the minimax grids in imaginary frequency and imaginary time
from Kaltak et al. [248] To achieve the cubic scaling algorithm, we rely on the sparsity intro-
duced by the RI approximation with the overlap metric [120, 254, 255] combined with the back
transformation from occupied and virtual orbitals to Gaussian atomic orbitals [253]. Practically,
the sparsity is efficiently handled by the DBCSR (Distributed Block Compressed Sparse Row)
library [129, 256]. Stochastic sampling, sparsity of density matrices and localization techniques
are not necessary for the O(N3) scaling behavior in our algorithm.

This chapter is organized as follows: In Sec. 5.2, we review the resolution of the identity with
the overlap metric. As we explain in Sec. 5.3, cubic-scaling RPA is well-known in a formulation
in imaginary time and in real space. We use this formulation of cubic-scaling RPA to construct a
cubic-scaling algorithm using Gaussian basis functions (Sec. 5.4), while we focus on the parallel
implementation in Sec. 5.5. Benchmark calculations on the accuracy and the scaling of the O(N3)
RPA method are reported in Secs. 6.3 and 5.7.

5.2 Resolution-of-the-identity approximation (RI)
The following index notation has been adopted: i, j (a, b) refer to occupied (virtual) molecular
orbitals (MOs) ψ; µ, ν, λ, σ to primary Gaussian basis functions φ and P,Q to auxiliary Gaussian
RI basis functions ϕ. The number of primary Gaussian basis functions is referenced as Nprim, the
number of RI basis functions as NRI and the system size as abstract symbol N, where Nprim and
NRI are both proportional to N. The spin index has been dropped for convenience.

Four-center electron repulsion integrals (4c-ERIs) are of central importance for computing the
RPA correlation energy. These integrals, in Mulliken notation, are defined as

(µν|λσ) :=
∫

Ω

dr
∫
R3

dr′φP
µ(r
′)φP

ν (r
′)φP

λ(r)φP
σ(r)v(r, r′) (5.2)

where v(r, r′) = 1/|r−r′| is the bare Coulomb interaction, Ω the simulation cell and the superscript
P indicates that the basis functions are periodically repeated for condensed phase systems,

φP
µ(r) =

∑
i

φµ(r − Ri) , (5.3)

where Ri are the lattice vectors and φµ is a Gaussian basis function being localized on a sin-
gle atom. Within the RI approximation based on the overlap metric, the 4c-ERIs are factorized
to [120]

(µν|λσ)RI =
∑

PQRS

(µνP)S −1
PQVQRS −1

RS (Sλσ) . (5.4)

Here, S denotes the overlap matrix in the RI basis,

SPQ =

∫
R3

dr ϕP
P(r)ϕQ(r) , (5.5)

and V the Coulomb matrix in the RI basis,

VPQ =

∫
Ω

dr
∫
R3

dr′ϕP
P(r)ϕP

Q(r′)v(r, r′) . (5.6)
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In practice, the Coulomb integrals VPQ are calculated by Ewald summation [196],

VPQ =
4π
V

∑
G,0

ϕP(G)ϕQ(−G)
|G|2

. (5.7)

The three-center overlap integrals (µνP) are given by

(µνP) =

∫
R3

dr φP
µ(r)φP

ν (r)ϕP(r) . (5.8)

We compute the two- and three-center overlap integrals from Eqs. (5.5) and (5.8) employing
the Obara-Saika recurrence scheme [257]. In the periodic case, neighboring cells have to be
considered for the Obara-Saika scheme as long as the overlap of Gaussians from the unit cell and
the replica are non-vanishing.

Since the Coulomb matrix V is positive definite, its Cholesky decomposition can be computed
as

VPQ =
∑

R

LPRLT
RQ . (5.9)

In this way, the RI factorization from Eq. (5.4) can be expressed in a compact form as

(µν|λσ)RI =
∑

P

Bµν
P Bλσ

P , (5.10)

where B is given by

Bµν
P =

∑
QR

(µνQ)S −1
QR LRP . (5.11)

We define the NRI×NRI matrix K,

K = S−1L , (5.12)

and Eq. (5.11) simplifies to

Bµν
P =

∑
Q

(µνQ)KQP . (5.13)

If required, we transform Bµν
P from pairs µν of Gaussian basis functions to occupied-virtual pairs

ia employing the MO coefficients Cµn:

Bia
P =

∑
µν

CµiCνaBµν
P . (5.14)

5.3 Cubic-scaling RPA with real-space density response
The correlation energy in the random phase approximation can be computed as [123,213,248,258]

ERPA
c =

1
2π

∫ ∞

0
dω Tr

[
ln (1 − χ(iω)v) + χ(iω)v

]
(5.15)
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where v(r, r′) = 1/|r − r′| is the bare Coulomb interaction and χ(r, r′, iω) the density response in
imaginary frequency:

χ(r, r′, iω) = 2
occ∑

i

virt∑
a

ψa(r′)ψi(r′)ψi(r)ψa(r)
εi − εa

ω2 + (εi − εa)2 . (5.16)

The drawback of employing Eq. (5.16) to compute the density response function is the O(N4)
computational cost (N: system size) since the number of occupied and virtual orbitals and the
space coordinates r and r′ are each growing linearly with N. In contrast, the computation of the
density response in imaginary time, [24, 248]

χ(r, r′, iτ) =

occ∑
i

ψi(r′)ψi(r)e−|(εi−εF)τ|
virt∑
a

ψa(r′)ψa(r)e−|(εa−εF)τ| , (5.17)

only requires O(N3) operations since the summation over occupied and virtual orbitals are decou-
pled and can be executed separately. εF in Eq. (5.17) refers to the Fermi energy.

The density response is symmetric in time and frequency, χ(r, r′, iω) = χ(r, r′,−iω) and
χ(r, r′, iτ) = χ(r, r′,−iτ). As a consequence, the Fourier transforms from imaginary frequency
to imaginary time and vice versa simplify to a cosine transformation [248]:

χ(r, r′, iω) = 2
∫ ∞

0
dτ χ(r, r′, iτ) cos(τω) , χ(r, r′, iτ) =

1
π

∫ ∞

0
dωχ(r, r′, iω) cos(τω) .

(5.18)

Despite the simplicity of this formulation, the size of the real space coordinate r is of the same
order as the size of a plane-wave basis [248] and thus can easily exceed millions of elements even
for a relatively small cell. One of the reasons of reformulating these equations in a Gaussian basis
is to reduce the size of the density response matrix without significant loss of accuracy.

5.4 Cubic-scaling RPA in a Gaussian basis

Quartic-scaling RPA in a Gaussian basis
Eshuis et al. [123] applied the RI [Eq. (5.10)] to Eq. (5.15) and obtained

ERPA
c =

1
2π

∫ ∞

0
dω Tr [ln(1 + Q(ω)) −Q(ω)] (5.19)

where Q(ω) is a matrix of size NRI×NRI and is given by

QPQ(ω) = 2
occ∑

i

virt∑
a

Bia
P

εa − εi

ω2 + (εa − εi)2 Bia
Q , (5.20)

where Bia
P is defined in Eq. (5.14). In the O(N3) implementation, we do not compute Q(ω) by

means of Eq. (5.20) due to the O(N4) computational cost. Instead, we compute Q(τ) as presented
in the following and we obtain Q(ω) by the cosine transform adapted from Eq. (5.18):

QPQ(ω) = 2
∫ ∞

0
dτ QPQ(τ) cos(τω) . (5.21)

We obtain a representation for Q(τ) by comparing Eqs. (5.16), (5.17) and (5.20):

QPQ(τ) =

occ∑
i

virt∑
a

Bia
P e−|(εi−εF)τ|e−|(εa−εF)τ| Bia

Q . (5.22)

The computation of Q(τ) according to Eq. (5.22) still scales as O(N4).
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Cubic-scaling reformulation of RPA in the Gaussian basis
To arrive at a O(N3) scaling algorithm, we transform Bia

P in Eq. (5.22) from occupied-virtual pairs
ia to pairs µν of primary basis functions:

Bia
P =

∑
µν

Bµν
P CµiCνa , (5.23)

where we used the MO coefficients Cµn being defined as ψn(r) =
∑
µ Cµnφµ(r). By inserting

Eq. (5.23) into Eq. (5.22), we separate the summation over occupied and virtual states which
is the key for the O(N3) implementation:

QPQ(τ) =
∑
µνλσ

Bµν
P Bλσ

Q

occ∑
i

CµiCλie−|(εi−εF)τ|
virt∑
a

CνaCσae−|(εa−εF)τ| . (5.24)

We introduce the pseudo-density matrices [259–261] Docc
µλ (τ) and Dvirt

νσ (τ) which are computed in
O(N3) operations as

Docc
µλ (τ) =

occ∑
i

CµiCλie−|(εi−εF)τ| , Dvirt
νσ (τ) =

virt∑
a

CνaCσae−|(εa−εF)τ| . (5.25)

Inserting the definitions of Docc
µλ and Dvirt

νσ [Eq. (5.25)] and the definition of Bµν
P from Eq. (5.13)

into Eq. (5.24), we obtain

QPQ(τ) =
∑

R

KRP

∑
T

KT Q

∑
µσ

∑
λ

(λσR)Docc
µλ (τ)

 ∑
ν

(µνT )Dvirt
νσ (τ)

 . (5.26)

We introduce the three-index tensors Mocc
µσR(τ) and Mvirt

µσT (τ):

Mocc
µσR(τ) =

∑
λ

(λσR)Docc
µλ (τ) , Mvirt

µσT (τ) =
∑
ν

(µνT )Dvirt
νσ (τ) . (5.27)

Both tensors Mocc
µσR and Mvirt

µσT are computed from Eq. (5.27) in O(N2) operations and in O(N)
operations once the scaled density matrices from Eq. (5.25) are getting sparse [261] for non-
metallic systems being very large in at least one dimension. The reason for the low-scaling be-
havior O(N2)/O(N) is that the three-center overlap (µνT ) of localized basis functions µ, ν and T is
sparse in µ/ν, µ/T and ν/T . [254, 255] Inserting the definitions of Mocc

µσR and Mvirt
µσT in Eq. (5.26)

yields

QPQ(τ) =
∑

R

KRP

∑
T

KT Q

∑
µσ

Mocc
µσR(τ)Mvirt

µσT (τ) . (5.28)

We introduce the NRI×NRI matrix P(τ) with elements

PRT (τ) =
∑
µσ

Mocc
µσR(τ)Mvirt

µσT (τ) . (5.29)

According to the definition of Mocc
µσR and Mvirt

µσT in Eq. (5.27), Mocc
µσR is sparse in σ/R and Mvirt

µσT is
sparse in µ/T and we conclude that the computation of P(τ) in Eq. (5.29) only requires O(N2)
operations and, once the scaled density matrices from Eq. (5.25) are getting sparse, only O(N)
operations . By inserting Eq. (5.29) into Eq. (5.28), we finally obtain the working expression

Q(τ) = KTP(τ)K . (5.30)

The computational complexity of Eq. (5.30) is growing cubically, O(N3). Moreover, all previous
steps, Eq. (5.25), (5.27) and (5.29), are at most of O(N3) computational cost or in case sparse
matrix-matrix multiplication is employed [Eq. (5.27) and (5.29)], of O(N2) computational cost.
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Minimax time and frequency grid

For the cosine transform of Q from τ to ω in Eq. (5.21) and for the subsequent frequency inte-
gration to obtain the RPA correlation energy according to Eq. (5.19), we rely on a time and a
frequency grid: In a first step, we compute QPQ(τj) for a time grid {τj}

M
j=1 according to Eq. (5.30),

where M is the number of grid points which is independent of the system size. Then, QPQ(ωk) is
obtained for a frequency set {ωk}

M
k=1 by the cosine transform according to Eq. (5.21):

QPQ(ωk) = 2
M∑
j=1

λk jQPQ(τj) cos(τjωk) , (5.31)

where λk j are the integration weights. The RPA correlation energy is computed by numerically
integrating Eq. (5.19):

ERPA
c =

1
2π

M∑
k=1

σk [ln[det(1 + Q(ωk))] − Tr(Q(ωk))] , (5.32)

where the identity Tr[ln(A)] = ln[det(A)] has been used which holds for any positive-definite ma-
trix A. [76] We follow the work of Kaltak et al. [248] and employ minimax quadratures [262,263]
to reduce the number of integration nodes M to 10 – 20. Practically, we employ the pretabulated
minimax parameters {ωk}, {σk} and {τj} from Ref. [76] which have been created for imaginary-
frequency RPA calculations and for Laplace scaled-opposite-spin second-order Møller-Plesset
perturbation theory. The integration weights λk j are computed by a least-square optimization
using singular value decomposition [248].

The outline of the cubic-scaling RPA correlation energy algorithm is summarized in Fig. 5.1.

5.5 Parallel implementation
The pseudocode for the parallel implementation of the cubic-scaling RPA algorithm is presented
in Fig. 5.2. In the following section, we discuss this figure in detail.

General strategy for the parallel implementation

For the parallelization, we are guided by three strategies: First, the three-index tensors (µνP),
Mocc

µσR(τ) and Mvirt
µσT (τ) (as defined Fig. 5.1) are not replicated due to the huge amount of memory

needed for these tensors. Second, all two-index matrices as Docc
µλ (τ), Dvirt

νσ (τ) and PRT (τ) (as defined
Fig. 5.1) are replicated into small subgroups. Third, all sparse matrix-matrix multiplications are
carried out in these small subgroups in order to reduce the communication needed for the sparse
matrix-matrix multiplications.

Parallel matrix-tensor operations

We define two different MPI subgroups p and q. Every p group hosts a range [Pp
start, P

p
end] of RI

basis functions. After computing the scaled density matrices Docc
µλ (τ) and Dvirt

νσ (τ) employing all
processes and the dense linear algebra library ScaLAPACK, Docc

µλ (τ) and Dvirt
νσ (τ) are replicated to

every p group. Then, the multiplication of Docc
µλ (τ) and Dvirt

νσ (τ) with the three-center overlap inte-
grals (µνP) [Eq. (5.27)] is carried out by DBCSR [129] locally in the p group for P∈ [Pp

start, P
p
end]
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asdasd
Compute SPQ =

∫
drϕP(r)ϕQ(r) O(N1)

Compute VPQ =
∫

dr dr′ϕP(r)ϕQ(r′)|r − r′|−1 O(N2)

Factorize VPQ by Cholesky decomposition: VPQ =
∑
R

LPRLT
RQ O(N3)

Invert SPQ with use of Cholesky decomposition O(N3)

Obtain KPQ by matrix-matrix multiplication: KPQ =
∑
R

S −1
PRLQR O(N3)

Compute (µνP) =
∫

dr φµ(r)φν(r)ϕP(r) O(N1)

Set up the minimax grids {ωk}
M
k=1, {τj}

M
j=1, {λk j}

M
k, j=1 and {σk}

M
k=1

Get input: MO coefficients Cµn and eigenvalues εn of MOs from SCF

Set QPQ(ωk) = 0 for all ωk =ω1, ω2, . . . , ωM

Do τj = τ1, τ2, . . . , τM

Docc
µλ (τj) =

occ∑
i

CµiCλie−|(εi−εF)τj | O(MN3)

Dvirt
νσ (τj) =

virt∑
a

CνaCσae−|(εa−εF)τj | O(MN3)

Mocc
µσR(τj) =

∑
λ

(λσR)Docc
µλ (τj) O(MN2)

Mvirt
µσT (τj) =

∑
ν

(µνT )Dvirt
νσ (τj) O(MN2)

PRT (τj) =
∑
µσ

Mocc
µσR(τj)Mvirt

µσT (τj) O(MN2)

QPQ(τj) =
∑
R

KRP
∑
T

KT QPRT (τj) O(MN3)

Do ωk =ω1, ω2, . . . , ωM

Fourier transform from τ to ω:
QPQ(ωk) = QPQ(ωk) + 2λk jQPQ(τj) cos(τjωk) O(M2N2)

End do ωk

End do τj

Set ERPA
c = 0

Do ωk =ω1, ω2, . . . , ωM

Update ERPA
c = ERPA

c + σk [ln[det(1 + Q(ωk))] − Tr(Q(ωk))] O(MN3)

End do ωkl

Figure 5.1: Pseudocode and associated computational cost (N: system size, M: number of time
and frequency points, respectively) of the algorithm to compute the RPA correlation energy in
O(N3) operations. µ, ν, λ, σ refer to primary Gaussian basis functions, P,Q,R,T to auxiliary Gaus-
sians, a to virtual molecular orbitals (MOs), i to occupied and n to general ones.
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sd
Compute S−1 and Cholesky decomposition L of V (ScaLAPACK)
Compute and store K = S−1L (ScaLAPACK)

Assign each process a group p
Create ranges [P p

start, P
p

end] for RI basis functions
Allocate single DBCSR matrix Sp in the p group (elements S p

µ(σP), row index µ, combined column
index σP for P∈ [P p

start, P
p

end] and all µ, σ; blocks as overlap matrix S, column block sizes scaled by
P p

end − P p
start + 1)

Compute and store S p
µ(σP) = (µσP) for all µ, σ and P∈ [P p

start, P
p

end]

Allocate Mocc,p and Mvirt,p as copy of Sp

Assign each process a second group q
Create ranges [µq

start, µ
q
end] and [σq

start, σ
q

end] for primary basis functions

Allocate DBCSR matrices Mocc/virt,q in the q group (elements Mocc/virt,q
(µσ)Q , combined row index (µσ),

column index Q for all Q and µ∈ [µq
start, µ

q
end], σ∈ [σq

start, σ
q

end]; single block for (µσ) index, atom
blocks for Q)

Do τj = τ1, τ2, . . . , τM

C̃occ
µi (τj) = Cµie−|(εi−εF)τj |/2, i: occupied orbital

C̃virt
µa (τj) = Cµae−|(εa−εF)τj |/2, a: virtual orbital

Docc(τj) = [C̃occ)(τj)]TC̃occ(τj) (ScaLAPACK)

Dvirt(τj) = [C̃virt)(τj)]TC̃virt(τj) (ScaLAPACK)

Replicate Docc(τj) and Dvirt(τj) to every group p and store them in a
DBCSR matrix (atom blocks for rows and columns, respectively)

Mocc,p(τj) = Docc(τj)Sp (DBCSR, locally in p group)
Mvirt,p(τj) = Dvirt(τj)Sp (DBCSR, locally in p group)

Reorder data from p groups to q groups: Mocc/virt,p(τj) to Mocc/virt,q(τj)

Pq(τj) = [Mocc,q(τj)]TMvirt,q(τj) (DBCSR, locally in q group)

Sum up Pq(τj) from every q group, fill it into P(τj) =
∑

q Pq(τj)
and spread P(τj) to all processes

Q(τj) = KTP(τj)K (ScaLAPACK)

Do ωk =ω1, ω2, . . . , ωM: Fourier τ→ ω: Q(ωk) = Q(ωk) + 2λk jQ(τj) cos(τjωk)
End do τj

Set EPPA
c = 0

Do ωk =ω1, ω2, . . . , ωM: EPPA
c = EPPA

c + σk[ln[det(1 + Q(ωk))] − Tr(Q(ωk))] (ScaLAPACK)

Figure 5.2: Parallel implementation of the algorithm to compute the RPA correlation energy in
O(N3) operations. Some matrices and their indices have already been defined in Fig. 5.1. As dense
linear algebra library, we employ ScaLAPACK. All calls to ScaLAPACK are executed employing
all processes.
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and µ, σ∈ [1,Nprim]:

Mocc,p
µσP (τ) =

Nprim∑
λ=1

(λσP)Docc
µλ (τ) , Mvirt,p

µσP (τ) =

Nprim∑
λ=1

(σλP)Dvirt
µλ (τ) , (5.33)

where Nprim is the number of primary basis functions.
After completing the computation from Eq. (5.33), we redistribute Mocc

µσR(τ) and Mvirt
µσT (τ) from

p groups to q groups: The subgroup q is defined by cutting the index pair µσ of Mocc
µσR(τ) and

Mvirt
µσT (τ) into ranges [µq

start, µ
q
end] and [σq

start, σ
q
end] covering all primary basis functions:

Nq⋃
q=1

[µq
start, µ

q
end] × [σq

start, σ
q
end] = [1,Nprim] × [1,Nprim] , (5.34)

where Nq is the number of q groups. A q group hosts Mocc
µσR(τ) and Mvirt

µσT (τ) for µ∈ [µq
start, µ

q
end],

σ∈ [σq
start, σ

q
end] and all RI basis functions R,T . Each of Mocc

µσR(τ) and Mvirt
µσT (τ) is stored in the

q group in a single DBCSR matrix with a single row block consisting of a combined (µσ) index
and atom blocks for the RI index R and T , respectively. The ranges [µq

start, µ
q
end] and [σq

start, σ
q
end] are

chosen such that all µ∈ [µq
start, µ

q
end] and all σ∈ [σq

start, σ
q
end] belong to neighboring atoms, respec-

tively. Then, Mocc
µσR(τ) and Mvirt

µσT (τ) in the q group are sparse in the combined row index (µσ) and
the column index R/T . The DBCSR matrix PRT (τ) is replicated in the q group and the operation
from Eq. (5.29) is carried out locally in the q group for the given ranges [µq

start, µ
q
end] and [σq

start, σ
q
end]

and all R,T :

Pq
RT (τ) =

µ
q
end∑

µ=µ
q
start

σ
q
end∑

σ=σ
q
start

Mocc,q
µσR (τ)Mvirt,q

µσT (τ) . (5.35)

Then, all q-local DBCSR matrices Pq
RT (τ) are summed up to obtain the full PRT (τ) matrix:

PRT (τ) =

Nq∑
q=1

Pq
RT (τ) . (5.36)

The p and q groups are chosen such that they are as small as possible to minimize the commu-
nication for the sparse matrix-matrix multiplication. On the other hand, p and q groups have to be
as large as necessary not to run out of memory since the replicated matrices Docc

µλ (τ), Dvirt
νσ (τ) and

PRT (τ) can require a large amount of memory.
The matrix operation Q(τ) = KTP(τ)K is carried out using full matrices, all processes and

ScaLAPACK. We compute the determinant and the trace of Q(ω) to arrive at the RPA correlation
energy as in Ref. [76], see Fig. 5.2.

Memory reduction by an iterative scheme
The memory needed for Mocc

µσR(τ) and Mvirt
µσT (τ) can be reduced by an additional loop over µσ blocks

(not sketched in Fig. 5.2): We break the ranges [µq
start, µ

q
end] and [σq

start, σ
q
end] of every q group again

in Ncut batches [µq,s
start, µ

q,s
end] and [σq,s

start, σ
q,s
end] with

Ncut⋃
s=1

[µq,s
start, µ

q,s
end] × [σq,s

start, σ
q,s
end] = [µq

start, µ
q
end] × [σq

start, σ
q
end] . (5.37)
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Then, Mocc
µσR(τ) and Mvirt

µσT (τ) are computed from Eq. (5.33) for µ∈ [µq,s
start, µ

q,s
end] and σ∈ [σq,s

start, σ
q,s
end]

which reduces the memory of Mocc
µσR(τ) and Mvirt

µσT (τ) by a factor Ncut. Subsequently, Mocc
µσR(τ) and

Mvirt
µσT (τ) are contracted [Eqs. (5.29) and (5.35)],

Pq,s
RT (τ) =

µ
q,s
end∑

µ=µ
q,s
start

σ
q,s
end∑

σ=σ
q,s
start

Mocc,q,s
µσR (τ)Mvirt,q,s

µσT (τ) (5.38)

and the memory of Mocc,q,s
µσR (τ) and Mvirt,q,s

µσT (τ) is freed. We obtain Ps
RT (τ) for a batch s by summing

up from the q groups, and PRT (τ) is computed by the loop over the s batches:

Ps
RT (τ) =

Nq∑
q=1

Pq,s
RT (τ) , PRT (τ) =

Ncut∑
s=1

Ps
RT (τ) . (5.39)

As already mentioned, we obtain a memory reduction for Mocc
µσR(τ) and Mvirt

µσT (τ) by a factor of Ncut

by this procedure where no additional computations are necessary.

5.6 Validation
In this section, we compare the RPA correlation energy computed by the O(N3) algorithm to the
RPA correlation energy computed by the canonical O(N4) algorithm [75, 76, 123]. As starting
point for the RPA correlation energy calculation, we employ DFT with the PBE functional [96].

Quartic-scaling RPA with the overlap metric vs. cubic-scaling RPA with the
overlap metric
We begin with a comparison of cubic-scaling RPA and quartic-scaling RPA employing the overlap
metric [120] in both cases, see Table 5.1. The only difference between both algorithms is the
Fourier transform from τ to ω [Eqs. (5.21) and (5.31)] which is needed for the cubic-scaling RPA
algorithm and absent in the quartic-scaling RPA algorithm. The minimax grid for the frequency
integration [Eqs. (5.19) and (5.32), respectively] is identical for both cases. As it can be seen from
Table 5.1, both algorithms converge quickly with the number of minimax points: An accuracy of

Table 5.1: Convergence of the RPA correlation energy of 32 water molecules in a periodic box
with the number of grid points M. We use the same primary cc-TZVP basis and RI-cc-TZVP Ri-
basis for two different RPA algorithms: The canonical RI-RPA algorithm by Eshuis et al. [123]
with the overlap metric and the cubic-scaling RPA algorithm proposed in this work.

Number of grid points M RPA correlation energy in Hartree computed with

O(N4) RPA (overl. metric) O(N3) RPA (overl. metric)

8 – 13.028957756 – 13.028909098

12 – 13.028899938 – 13.028899877

16 – 13.028899834 – 13.028899834

20 – 13.028899834 – 13.028899834
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Table 5.2: RPA correlation energy of 32 water molecules computed by three different algorithms.
All algorithms share the same primary and RI basis (cc-TZVP and RI-cc-TZVP, respectively).
The RI-cc-TZVP basis has been generated as described in Ref. [75] and [136]. For all RPA
calculations, 20 quadrature points for the minimax grids have been used.

Method ERPA
c in Hartree

O(N4) RPA (im. freq., Coulomb metric) – 13.0250

O(N4) RPA (im. freq., overlap metric) – 13.0289

O(N3) RPA (im. time, overlap metric) – 13.0289

ten digits is already reached for fourteen minimax points for both algorithms. This observation is
in agreement with Ref. [248]. We conclude that the accuracy of the RPA correlation energy is not
affected by the additional Fourier transform from time to frequency.

Quartic-scaling RPA with the Coulomb metric vs. cubic-scaling RPA with
the overlap metric

As a second test, we compare the canonical RPA with the Coulomb metric to the cubic-scaling
RPA with the overlap metric, see Table 5.2. These algorithms share the same primary and RI
basis. As shown in Table 5.2, the cubic-scaling RPA correlation energy deviates by 71 µH from
the quartic-scaling RPA correlation energy using the Coulomb metric. In contrast, the cubic-
scaling RPA correlation energy agrees within an accuracy better than 10−3 µH with the quartic-
scaling RPA correlation energy using the overlap metric, see Table 5.1. We conclude, that there
is a deviation between the RPA results using the overlap metric and the RPA results using the
Coulomb metric, but the deviation is small.

Effect of sparsity

Finally, we investigate the effect of filtering blocks of sparse matrices occuring in the cubic-scaling
RPA algorithm, see Table 5.3: We choose the filter coefficients 10−8 and 3 · 10−6 for the atom
blocks (for details on these coefficients, see caption of the table) such that the relative accuracy
of the RPA correlation energy is 0.01 % compared to the non-filtered result. We observe that the
execution time is reduced by a factor three when this filter criterion is applied and we conclude,
that already two third of the computations can be avoided for 32 water molecules in a cubic box.
For all following scaling benchmarks, we employ the filter criteria 10−8 and 3 · 10−6, respectively.

5.7 Benchmark calculations on the system size scaling

After validating our implementation, we turn over to investigate the scaling of the execution time
with respect to the system size. As in Sec. 6.3, we use a cc-TZVP primary basis with correspond-
ing RI basis [75, 76, 80, 136], the parameters εfilter prim = 3 · 10−6, εfilter RI = 10−8 and a time and
frequency grid of 15 points. For all calculations presented in this section, we employ this setting.
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Table 5.3: RPA correlation energy of 32 water molecules computed by the cubic-scaling algorithm
and two different filtering thresholds for removing blocks from sparse matrices. Every block
belongs to basis functions of an atom pair. The filtering threshold for NRI×NRI matrices refers
to filtering P(τ) in Eq. (5.29). The filtering threshold for Nprim×Nprim matrices refers to filtering
Docc(τ), Dvirt(τ) and all three-index tensors. The execution time was measured on 576 CRAY-
XC40 cores. With the filtering thresholds of 10−8 and 3 · 10−6 as given in the table, the relative
change of the RPA correlation energy due to the filtering is 0.01 % where the computation time is
reduced by a factor of three.

Filtering threshold for blocks in a ERPA
c in Hartree Execution time in s

NRI×NRI matrix Nprim×Nprim matrix

10−8 3 · 10−6 – 13.02970 260

no filtering no filtering – 13.02890 751
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O(N 3) steps fit: O(N 3.09)

Figure 5.3: (a) Comparison of the execution time of quartic-scaling RPA (blue dots) and cubic-
scaling RPA (green dots) on a CRAY XC40 machine with 36 cores per node. Both methods share
the high-quality cc-TZVP basis. The basic cell contains 32 water molecules with a density of 1 g/`.
The larger systems consist of a n×1×1 supercell of the 32-water box with n = 2, 4, 8, 16, 32. For
the largest system with 2048 water molecules (16384 electrons), 106732 primary basis functions
and 278528 RI basis functions are used. For small systems, the canonical O(N4) RPA method is
one order of magnitude faster than the cubic-scaling RPA. The break-even point of both methods
lies between 128 and 256 water molecules. For large systems, the cubic-scaling RPA exceeds the
canonical RPA in terms of the execution time. (b) Execution time and scaling of intermediate steps
of the cubic-scaling RPA algorithm where the total execution time (green marks) is identical to (a).
The cubic-scaling steps (brown color) and the linear- and quadratic-scaling steps (magenta) are
categorized according to Fig. 5.1 and Eqs. (5.27) and (5.29). The quadratic-scaling steps dominate
for small systems. Moreover, the quadratic-scaling steps turn into nearly-linear scaling steps for
systems containing 256 water molecules or more since the density matrix is becoming sparse, see
Fig. 5.4. The cubic-scaling steps (brown color) exhibit a small prefactor and are dominating for
systems with more than 1000 water molecules.
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Figure 5.4: Occupation of the scaled
density matrices from Eq. (5.25) with
non-zero elements for the systems
from Fig. 5.3. The matrix blocks cor-
respond to atoms and are filtered with
a threshold of 10 -6 for the Frobenius
norm of the block. [129] A similar
occupation of scaled density matrices
has been reported in Ref. [261].

Quartic- vs. cubic-scaling RPA
In Fig. 5.3 (a), we compare the execution time of O(N4)- and O(N3)-scaling RPA as function of
the system size for water molecules in a periodic box. We observe that for 32 water molecules,
the O(N3)-scaling RPA algorithm [75, 76] requires ten times the execution time of the O(N4)-
scaling RPA algorithm. The reason is that the cubic-scaling RPA algorithm is operating in the
µν product basis, where µ and ν are Gaussian basis functions while the quartic-scaling RPA is
implemented in the ia basis, where i is an occupied MO and a a virtual one: In a cc-TZVP basis,
approximately fifteen Gaussian basis functions per occupied MO are employed which means one
order of magnitude more floating point operations for cubic-scaling RPA compared to quartic-
scaling RPA (without filtering). This explains that the cubic-scaling RPA algorithm is unfavorable
for small systems compared to the quartic-scaling one. With increasing system size, the favorable
scaling of the O(N3)-RPA algorithm is appearing and the break-even point for the two algorithms
is observed between 128 and 256 water molecules. Note that the break-even point is weakly
dependent on the basis set size. For 512 water molecules, the cubic-scaling RPA outperforms the
canonical RPA in terms of the execution time by one order of magnitude.

Analyzing the dominant steps in cubic-scaling RPA
In Fig. 5.3 (b), we break the total execution time of the cubic-scaling RPA algorithm down into
cubic-scaling steps and sub-cubic-scaling steps. The cubic-scaling steps (brown color) and the
linear- and quadratic-scaling steps (magenta) are categorized according to Fig. 5.1. We observe
that the quadratic-scaling steps dominate for small systems which means that for small systems,
the algorithm is effectively quadratic-scaling. Moreover, the quadratic-scaling steps turn into
nearly-linear scaling steps for systems containing 256 water molecules or more since the density
matrix is becoming sparse, see Fig. 5.4. The cubic-scaling steps exhibit a small prefactor and are
dominating for systems with more than 1000 water molecules. We conclude that the bottleneck for
large-scale RPA calculations is the matrix-matrix multiplication from Eq. (5.30) and the Cholesky
decomposition of 1 + Q(ω) to compute the determinant in Eq. (5.32).

Truly three-dimensional calculations
In Fig. 5.3, the basic cell of 32 water molecules was repeated in one dimension, e. g. an n×1×1
supercell was employed. For low-scaling algorithms in a Gaussian basis, low-dimensional systems
with large extend in one dimension are favorable since there are many pairs of Gaussian basis
functions which are far away from each other and therefore have zero overlap. To test how the
cubic-scaling RPA algorithm performs for truly three-dimensional systems, we show the execution
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Figure 5.5: Execution time of cubic-
scaling RPA for n×1×1 supercells
(green, as Fig. 5.3) and n×n×n super-
cells (orange) on CRAY XC40 with 36
cores per node. The execution time of
cubic supercells is exceeding the one
of linear supercells since the density
matrix of linear cells is getting sparse,
see Fig. 5.4, in contrast to the density
matrix of cubic cells.

time for the cubic water supercells 2×2×2 and 3×3×3 in Fig. 5.5: We observe a scaling O(N2.16)
for the execution time from 1×1×1 to 3×3×3. As it can be seen from Fig. 5.5, the execution time
of the cubic n×n×n supercell slightly exceeds the execution time for the corresponding n3×1×1
supercell. The reason is that the scaled density matrices are not yet sparse for the n×n×n supercell
(n = 2, 3) in contrast to the linear chain of supercells, see Fig. 5.4. We conclude that the cubic-
scaling RPA algorithm from this work also scales well for systems which are extended in all three
dimensions.

5.8 Conclusion and Outlook
We have presented an algorithm for computing the correlation energy in the random phase approx-
imation (RPA) in a Gaussian basis requiring O(N3) operations and O(N2) memory. The method is
a combination of several known techniques: As first technique, we employ the resolution of the
identity (RI) with the overlap metric as suggested by various authors [120, 253–255]. The advan-
tage of RI with the overlap metric compared to RI with the Coulomb metric is that the occurring
three-center overlap integrals are sparse [254, 255]. To exploit the sparsity of the three-center
overlap integrals, we reformulate RI-RPA in the Gaussian basis as suggested by Schurkus and
Ochsenfeld [253]. Since the density response has a convenient analytic form in imaginary time,
we follow Rojas et al. [24] to compute the density response in the RI basis in imaginary time.
For the Fourier transform from imaginary time to imaginary frequency, we employ the minimax
grids as proposed in the seminal work of Kaltak et al. [248] The final formula for computing the
RPA correlation energy by an integral over imaginary frequencies was established by Eshuis et
al. [123] No localization schemes [250] or stochastic approximations [251,252] are needed in our
algorithm.

Since the computation of the RPA correlation energy is still of high computational cost, an
efficient parallelization is crucial, especially for the sparse matrix operations. For this purpose, we
use the sparse linear algebra library DBCSR [129] which turns out to be highly efficient. Due to
the low-scaling characteristics of the algorithm together with its efficient parallel implementation,
we could apply cubic-scaling RPA up to two thousand water molecules using a cc-TZVP basis.

Our work can be seen as a prototype for a low-scaling wavefunction-based method using a
global RI with the overlap metric. With the techniques presented in this work, efficient low-
scaling algorithms can be designed for Hartree-Fock [264–271], Laplace-SOS-MP2 [272–278]
and GW [20–22, 30, 248].



Chapter 6

Efficient low-scaling GW calculations using
Gaussian basis functions

We present an algorithm [279] for computing quasiparticle levels in the GW approximation in
a Gaussian basis requiring O(N3) operations and O(N2) memory. The method is based on the
resolution of the identity with the overlap metric, a reformulation of GW in the Gaussian ba-
sis, imaginary time and imaginary frequency integration techniques and the use of sparse linear
algebra. As application of the cubic-scaling GW algorithm, we present an alternative route to
compute the fundamental gap of periodic, one-dimensional armchair graphene nanoribbons from
GW: The length of non-periodic ribbons is increased until convergence of the quasiparticle lev-
els is reached. This approach neither requires periodic boundary conditions nor Coulomb cutoff

techniques and opens the way for the high-accuracy computation of fundamental gaps of periodic
low-dimensional materials from GW. The largest graphene nanoribbon we could adress with the
cubic-scaling GW algorithm contains 1734 atoms which demonstrates the possibility to apply GW
to large systems.

6.1 Introduction

For computing the fundamental gap of a material with high accuracy, GW [9] is one of the most
established methods at present involving O(N4) computational cost in a canonical implementation
where N is the system size. GW is a method originating from many-body perturbation theory [9]
and was first applied to real materials by Hybertsen and Louie [10].

Many interesting systems can only be modelled if more than thousand atoms are used in the
GW calculation. One way to reduce the computational cost is to reformulate GW in a smaller,
more efficient basis: Plane-wave GW implementations commonly suffer from requiring many
virtual states and the inversion of large dielectric matrices. Here, the combination of without-
virtual-states techniques [14, 70, 167] with a low-rank approximation of the dielectric matrix [14,
168–171] can improve the computational efficiency enabling large-scale applications [172–174].
Another approach is to reformulate GW in a Gaussian basis which can significantly reduce the
dimensionality of the involved matrices [11–13, 30, 37, 42, 161, 175–177]. GW in a Gaussian
basis can be applied to molecules without difficulty [31, 34, 43, 47, 48, 71, 178–182] in contrast to
plane-waves implementations where several technical issues have to be addressed [14, 52, 183].

Another way to minimize the computational cost of GW is to reduce its scaling from O(N4) to
lower order. Already three low-scaling GW algorithms have been reported in the literature [20–
22]: The cubic-scaling algorithm by Foerster et al. [20] employs a Gaussian basis and locality
of electronic interactions. The method has been applied to molecules with a few tens of atoms.
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Larger applications seem to lie out of reach at presence since a parallel implementation has not
been published yet. The second low-scaling GW algorithm has been reported by Neuhauser et
al. [21] which even scales linearly with the system size and relies on stochastic evaluation of the
involved quantities. This algorithm can be easily parallelized and has been applied to a silicon
nanocluster with one thousand atoms. However, it remains to be explored whether stochastic
GW can be a useful tool for more complex systems than silicon nanoclusters [23]. The recent
cubic-scaling GW algorithm by Liu et al. [22] is a variant of the GW space-time method by
Rojas et al. [24]. In this algorithm, a plane-wave basis, real-space grids and sophisticated minimax
quadratures [22, 76, 195, 248, 262, 263] in time and frequency domain are employed. The linear-
scaling behaviour in the number of k-points seems to be promising when applying the method to
large and numerically challenging periodic systems.

In this work, we present a cubic-scaling GW algorithm which is a reformulation of the GW
space-time method [24] in a Gaussian basis employing the minimax time and frequency grids from
Ref. [22]. By using Gaussian basis sets instead of plane waves, the size of involved matrices can
be reduced substantially which makes the algorithm suitable to be applied to large systems. The
algorithm is suited for molecules and materials of arbitrary periodicity in a Γ-point-only approach.
In Sec. 6.2, we give details on the cubic-scaling GW algorithm. The algorithm is validated for
the GW100 benchmark suite [71], see Sec. 6.3. Finally, we apply cubic-scaling GW to study
fundamental gaps of graphene nanoribbons in Sec. 6.4 including a validation of the low-scaling
behaviour in Sec. 6.5.

6.2 Method

We employ two different atom-centered Gaussian basis sets: φµ denote primary Gaussian basis
functions and ϕP auxiliary Gaussian basis functions [30]. The primary basis {φµ} is employed to
expand the Kohn-Sham orbitals ψn using the molecular orbital (MO) coefficients Cnµ,

ψn(r) =
∑
µ

Cnµφµ(r) (6.1)

while the auxiliary basis {ϕP} is used to expand GW quantities as the polarizability, the dielectric
function and the screened Coulomb interaction.

Similarly to the GW space-time method [24], we compute the correlation self-energy in imag-
inary time as

Σc
n(iτ) = −

∑
νP

∑
µ

Gµν(iτ)(nµP)
∑

Q

W̃c
PQ(iτ)(Qνn) . (6.2)

The three-center overlap tensors

(nµP) =

∫
dr ψn(r)φµ(r)ϕP(r) (6.3)

are computed analytically [195,257] and originate from the resolution of the identity (RI) with the
overlap metric [120,195,253–255,280]. (nµP) is vanishing if φµ and ϕP are located at atoms being
far apart from each other introducing sparsity in (nµP). Therefore, the computational complexity
of Eq. (6.2) scales as O(NGW N2) with the system size N, where NGW is the number of computed
GW energies.
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The Green’s function in Eq. (6.2) is computed in O(N3) operations using the eigenvalues εn

from a previous DFT calculation and the corresponding Fermi level εF as [24]

Gµν(iτ) =


occ∑

i
CiµCiν exp(−|(εi − εF)τ|) , if τ < 0 ,

−
virt∑
a

CaµCaν exp(−|(εa − εF)τ|) , if τ > 0 ,
(6.4)

and the scaled screened Coulomb interaction is defined as

W̃c(iτ) = S−1Wc(iτ)S−1 (6.5)

where Wc
PQ(iτ) is the correlation part of the screened Coulomb potential [163]. The overlap matrix

SPQ =

∫
drϕP(r)ϕQ(r) (6.6)

accounts for the non-orthogonality of the Gaussian basis.
We obtain Wc(iτ) in Eq. (6.5) by a cosine transform from Wc(iω) employing minimax grids [22].

Wc(iω) is computed by [163]

Wc(iω) = L
[
ε−1(iω) − 1

]
LT , (6.7)

where L is the Cholesky decomposition of the Coulomb matrix V,

V = LLT , VPQ =

∫
drdr′ ϕP(r)

1
|r − r′|

ϕQ(r′) . (6.8)

For molecules, the Coulomb matrix is computed analytically [281] and for periodic systems by
Ewald summation [196] which is commonly used for wavefunction correlation methods [76, 77,
80, 197, 199].

The symmetric dielectric function ε(iω) is computed by [163]

ε(iω) = 1 − LTχ0(iω)L (6.9)

where we obtain the polarizability χ0(iω) by a cosine transform from χ0(iτ). [248] We write [163]

χ0(iτ) = S−1χ̃0(iτ)S−1 (6.10)

and compute χ̃0(iτ) as in the cubic-scaling random phase approximation (RPA) [195]

χ̃0
PQ(iτ) =

∑
µσ

∑
λ

(λσP)Gµλ(iτ)
∑
ν

(µνQ)Gνσ(−iτ) . (6.11)

The computational cost of Eq. (6.11) scales quadratically with the system size since the three-
index tensors (µνP) are only non-vanishing if the Gaussians φµ, φν and ϕP are centered on neigh-
boring atoms. In this way, the memory of (µνP) grows only in linear order with the system size.
The computation time of the matrix-matrix multiplications in Eqs. (6.4) - (6.10) scales cubically
with the system size. Despite the O(N2) scaling of Eq. (6.11), it remains the computational bot-
tleneck even for the largest systems we address in this work. Therefore, the computation of the
polarizability from Eq. (6.11) has been optimized for massively parallel use [195] employing lib-
DBCSR, a library for sparse matrix-matrix multiplications [129, 282].
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We obtain Σc
n(iω) by a sine and cosine transform from Σc

n(iτ) in Eq. (6.2) employing minimax
grids [22]. Σc

n(ε) is computed by analytic continuation from a 16-parameter Pade approximant to
Σc

n(iω) [22, 71]. The final G0W0 quasiparticle energies εG0W0
n are computed using

εG0W0
n = εn + Σx

n + Re Σc
n(εG0W0

n ) − vxc
n (6.12)

which is iteratively solved by the Newton-Raphson method. The bare-exchange self-energy is
computed in O(N3) operations employing the resolution of the identity with the overlap metric,

Σx
n = −

∑
µν

Dµν

∑
PQ

(nµP)ṼPQ(Qνn) (6.13)

where Dµν =
∑occ

i CiµCiν and Ṽ = S−1VS−1.
The present algorithm can be applied to molecules and condensed phase systems with arbitrary

periodicity in a Γ-point-only approach. For periodicity in three dimensions, decoupling of periodic
images is achieved by a correction scheme using Gaussian basis functions [163].

6.3 Validation
For the validation of the cubic-scaling G0W0 algorithm, we compute the G0W0@PBE HOMO and
LUMO by Eq. (6.12) for all molecules in the GW100 benchmark by van Setten et al. [71,165,183]
For solving the all-electron Kohn-Sham (KS) equations, we employ the Gaussian and augmented
plane waves scheme (GAPW) [283] as implemented in CP2K [73, 127]. The molecular orbitals
are expanded in a def2-QZVP Gaussian basis [71], see Eq. (6.1). As auxiliary basis to expand GW
quantities, we employ sufficiently large Gaussian basis sets to ensure excellent convergence.

We compare HOMOs and LUMOs computed with the O(N3) G0W0 algorithm for the GW100
test [71] to FHI-aims [13,71] reference values in Fig. 6.1. The reference values are obtained from
the O(N4)-scaling FHI-aims code where an analytic continuation with a 16-pole model or a Pade-
approximant has been used. It has been shown [71] that these values are in excellent agreement
with values obtained from Turbomole [12] which makes the GW100 benchmark set a reliable suite
for benchmarking. For the HOMO, we find that O(N3) G0W0 and FHI-aims values match within
0.03 eV for 74 out of 100 molecules, while for the LUMO, both methods agree within 0.03 eV
for 87 molecules. The largest deviation for the HOMO to FHI-aims is observed for the Neon
atom (– 22.58 eV from O(N3)-G0W0 vs. – 20.38 eV from FHI-aims). In this case, generating the
minimax grid could be numerically unstable due to the large gap of Neon. For the LUMO, the
largest deviation is observed for the beryllium monooxide molecule (BeO) (– 2.27 eV fromO(N3)-
G0W0 vs. – 2.56 eV from FHI-aims). The frequency integration and analytic continuation of the
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BeO molecule is rather difficult to converge. This issue also appeared in Ref. [71] where the best
FHI-aims and Turbomole values for the LUMO differed by 0.08 eV for BeO. This nevertheless
overall good agreement of the O(N3)-G0W0 algorithm to FHI-aims reference values enables high-
quality GW studies of large systems, as we show in the next section.

6.4 Application: Graphene nanoribbons
As benchmark system, we employ anthenes, which are graphene nanoribbons (GNR) with seven
carbon atoms width, see Fig. 6.2 (a) for the geometry. For solving the singlet open-shell Kohn-
Sham (KS) equations, we employ the Gaussian and plane waves scheme (GPW) [27,284] together
with Goedecker-Teter-Hutter pseudopotentials [130]. The molecular orbitals are expanded in an
aug-DZVP Gaussian basis which gives rise to good convergence of the fundamental gap and
already has been used in Ref. [30]. For the GW calculation, we employ 12 time and frequency
points, respectively. As filter parameter for sparse tensor operations [Eqs. (6.2) and (6.11)], we use
a threshold of 10−11 for atom blocks of basis functions [129]. All blocks with a Frobenius norm
lower than this threshold are removed from the sparse tensor making the tensor multiplication
more efficient. The filter threshold of 10−11 is much lower than the one used for water [195] which
is due to the delocalized electronic structure of graphene nanoribbons compared to water.
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Anthenes have been recently synthesized on a Au(111) surface and studied by scanning tun-
neling spectroscopy and many body perturbation theory [285]. It has been found that the highest
occupied molecular orbital (HOMO) and the lowest unoccupied molecular orbital (LUMO) are
localized at the zigzag edges of the ribbons what also is the result of a DFT calculation, see
Fig. 6.2 (a). The energetic splitting between the HOMO and LUMO edge state is referred to as
zigzag gap ∆zz. The transport gap ∆AC is defined as gap between the HOMO-1 and LUMO+1
state which are delocalized over the ribbon, see Fig. 6.2 (b).

We compute ∆zz and ∆AC for anthenes containing up to 1734 atoms, see Fig. 6.2 (c) and (d).
We observe that the transport gap saturates from GNR (7,48) to GNR (7,192) at a value of 3.17 eV
(G0W0@PBE), while the zigzag gap converges much faster as function of the ribbon length at
a value of 2.34 eV (G0W0@PBE) what is in agreement with the experimental finding [285].
The transport gap of long anthenes directly relates to the fundamental gap of the periodic arm-
chair GNR of seven atoms width (AGNR7) which e.g. have been computed in Ref. [286] by
G0W0@PBE employing periodic boundary conditions, Coulomb cutoff techniques [287, 288] and
a plasmon-pole model. The reported value [286] for the G0W0@PBE bandgap of periodic AGNR7
is 3.79 eV which is larger than the converged G0W0@PBE transport gap from GNR (7,192) of
3.17 eV. Here, agreement in this order of magnitude can be expected as plasmon-pole models can
differ to full-frequency integration [71]. Eigenvalue-selfconsistency (evGW) has been shown to
give improved fundamental gaps in organic semiconductors when compared to experimental data
and high-level methods [11, 178]. We apply evGW to the anthenes and find that both gaps are
enlarged, see Fig. 6.2 (b) and (c) where the evGW@PBE transport gap of GNR (7,96) is 3.82 eV.
Interestingly, this value is in better agreement with the bandgap of periodic AGNR7 of 3.79 eV
from Ref. [286]. Starting from 3.79 eV as gap of the AGNR7, it has been shown that applying an
image-charge model [19] gives a bandgap of AGNR7 on a Au(111) surface which is in excellent
agreement with the experimental finding [289].

6.5 Computational scaling

To demonstrate the low-scaling behaviour of the present GW algorithm, we show the execution
time for the graphene nanoribbons from Sec. 6.4 in Fig. 6.3. The total execution time of cubic-
scaling G0W0@PBE is given in green color and is scaling as O(N2.1) with the number of atoms N.
The high computational cost of Eq. (6.11) is scaling as O(N2) and therefore dominates the whole
calculation what results in an overall scaling close to O(N2). The cubic-scaling steps are sketched
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in brown color and are more than one order of magnitude less demanding than the quadratic-
scaling steps. For the biggest system containing 1734 atoms, 2883 occupied molecular orbitals,
30195 virtual ones and 80940 auxiliary basis functions have been used. The quartic-scaling GW
algorithm (blue color) is restricted to a nanoribbon with 438 atoms due to the rapid increase of
computation time with the system size. For small systems below 150 atoms, quartic-scaling GW
is more efficient since it is formulated in the occupied-virtual product basis {ψi}⊗{ψa} which is
smaller than the Gaussian product basis {φµ}⊗{φν} which is used in Eq. (6.11).

6.6 Conclusion
We have presented an algorithm for computing quasiparticle levels in the GW approximation in
a Gaussian basis requiring O(N3) operations and O(N2) memory. The method is a combination
of several known techniques: As first technique, we employ the resolution of the identity (RI)
with the overlap metric as suggested by various authors [120, 253–255]. The advantage of RI
with the overlap metric compared to RI with the Coulomb metric is that the occurring three-
center overlap integrals are sparse [254, 255]. To exploit the sparsity of the three-center overlap
integrals, we reformulate GW in the Gaussian basis. We follow the GW space-time method by
Rojas et al. [24] and employ imaginary time and frequency integration using minimax grids [22].
We have applied cubic-scaling GW to compute the fundamental and the transport gap of graphene
nanoribbons of seven atoms width and increasing length containing up to 1734 atoms. We find
that the fundamental gap and the transport gap saturate when increasing the length. This saturation
enables an alternative route to compute fundamental gaps of periodic one-dimensional materials
from non-periodic calculations.
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Chapter 7

Summary and Outlook

The whole work reported in this thesis has the goal to develop a cubic-scaling GW algorithm for
computing quasiparticle energy levels in large molecular and periodic systems based on Gaussian
basis functions. GW is a well-known method which has been used for many decades to accurately
describe single-electron levels of materials, especially bandgaps. Recently, GW has been applied
to molecules for studying the ionization potential, electron affinity and the fundamental gap where
good agreement to experimental values has been obtained. An overview of the theoretical frame-
work for GW is given in Chapter 2.

The early stage of this work has been focused on adapting the GW methodology to the Gaussian
and plane waves (GPW) method (Chapter 3). This GW implementation can be applied to systems
with several hundreds of atoms where the computational cost scales as O(N4) with the system
size N as it is expected for a canonical GW implementation. GW has been applied to compute the
bandgaps of closed-shell and broken-symmetry open-shell linear acenes, linear chains formed of
connected benzene rings, as function of the acene length up to 11-acene. It has been found that
the closed-shell and broken-symmetry open-shell bandgaps of acenes differ by up to 2.0 eV (for
11-acene). In experiments, a comparison of measured bandgaps and the calculated GW values of
acenes may be helpful to determine whether their electronic ground state exhibits a closed-shell or
polyradical configuration. This finding inspired experimentalists at the Swiss Federal Laboratories
for Materials Science (EMPA) to measure reference data for acenes on noble-metal surfaces for a
comparison. Since the synthesis of long acenes is very challenging, this is ongoing work.

If periodic boundary conditions are applied, the Γ-point-only GW algorithm featured an ex-
tremely slow convergence of the fundamental gap with the supercell size. A detailed analysis of
this problem is given in Chapter 4 and a correction scheme for periodic Γ-point-only GW calcula-
tions based on GPW is presented. For four benchmark systems, the convergence of the corrected
GW quasiparticle levels on the cell size is accelerated by a factor of three to ten compared to GW
calculations without correction. The correction scheme comes along with negligible computa-
tional cost and can also be employed in the cubic-scaling GW algorithm.

The computationally most demanding step in GW is to calculate the inverse density response
in the random phase approximation (RPA) which scales as O(N4). The scaling of this step can be
reduced to O(N3) if RPA is reformulated in the Gaussian basis together with the resolution of the
identity (RI) with the overlap metric. Moreover, imaginary time and imaginary frequency integra-
tion techniques as well as sparse linear algebra are necessary to compute the RPA density response
in linear-scaling time (Chapter 5). Additional memory reduction without extra computations can
be achieved by an iterative scheme which overcomes the memory bottleneck of canonical RPA.
We report a massively parallel implementation which is the key for the application to large sys-
tems where more than ten thousand cores have been used. Since low-scaling algorithms are in
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general by far more complex than canonical implementations, the parallelization has been a very
challenging task. Most other low-scaling algorithms are only implemented serially. Based on
the linear-scaling computation of the RPA density response, a cubic-scaling algorithm for the
RPA correlation energy can be derived. This algorithm has been applied to two thousand water
molecules using a correlation-consistent triple-zeta quality basis which is the largest RPA calcu-
lation that has been reported in the literature so far.

The cubic-scaling RPA algorithm has been employed to implement a cubic-scaling GW algo-
rithm for computing highly accurate single-electron levels in molecules and solids (Chapter 6). As
application of the cubic-scaling GW algorithm, an alternative route to compute the fundamental
gap of periodic, one-dimensional armchair graphene nanoribbons from GW has been presented:
The length of non-periodic ribbons is increased until convergence of the quasiparticle levels is
reached. This approach neither requires periodic boundary conditions nor Coulomb cutoff tech-
niques which can be problematic in GW calculations. Therefore, the cubic-scaling GW algorithm
from this work opens the way for the high-accuracy computation of fundamental gaps of periodic
low-dimensional materials from GW. The largest graphene nanoribbon that could be adressed
with the cubic-scaling GW algorithm contains 1734 atoms which is the largest GW calculation
that has been reported in the literature so far.

The work presented in this thesis gives rise to many possible follow-up projects in the direction
of method development and applications.

Concerning method development, the massively parallel implementation of the RI with the
overlap metric can be employed to construct low-scaling algorithms for exact exchange (EXX)
or for scaled-opposite-spin MP2 (SOS-MP2). Also, low-scaling algorithms for forces based on
RPA, EXX, and SOS-MP2 can be designed with the techniques presented in this work. A cubic-
scaling version of GW in combination with the Bethe-Salpeter equation can be employed to study
electronic excitation with high accuracy. The introduction of k-points in RPA and GW in the
canonical and the low-scaling variant would open the way for highly accurate condensed phase
simulations. Here, the low-scaling variants of RPA and GW from this work offer a possibility for
linear scaling of the execution time when increasing the number of k-points.

Concerning applications, low-scaling GW enables calculations on large molecules which could
not be treated before. Large molecular sizes are essential for graphene nanoribbons that can be
synthesized on a noble-metal surface from molecular precursors. This new synthesis route has
enabled the synthesis of atomically precise nanoribbons of unprecedented size. For probing the
electronic structure of ribbons on the surface, scanning tunneling spectroscopy (STS) is employed
which measures the local density of states at a given energy. In this way, the bandgap of ribbons
can be determined. Together with image charge models, cubic-scaling GW can predict bandgaps
of large ribbons on the noble metal surface. Comparing the bandgaps from GW and experimental
values from STS measurements has shed light on the spin configuration of the ribbons. This is
ongoing work in close collaboration with collegues from EMPA in Dübendorf.
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[224] L. Schimka, R. Gaudoin, J. Klimeš, M. Marsman, and G. Kresse, Lattice constants and
cohesive energies of alkali, alkaline-earth, and transition metals: Random phase approxi-
mation and density functional theory results, Phys. Rev. B 87, 214102 (2013).
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[242] J. Toulouse, W. Zhu, J. G. Ángyán, and A. Savin, Range-separated density-functional
theory with the random-phase approximation: Detailed formalism and illustrative applica-
tions, Phys. Rev. A 82, 032502 (2010).

[243] W. Zhu, J. Toulouse, A. Savin, and J. G. Ángyán, Range-separated density-functional the-
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V. Meunier, R. Fasel, and P. Ruffieux, Revealing the Electronic Structure of Silicon Interca-
lated Armchair Graphene Nanoribbons by Scanning Tunneling Spectroscopy, Nano Lett.
17, 2197–2203 (2017).

http://dx.doi.org/10.1039/B803274M
http://dx.doi.org/10.1039/B803274M
http://dx.doi.org/10.1039/B803274M
http://dx.doi.org/10.1039/B803274M
http://dx.doi.org/10.1063/1.1414369
http://dx.doi.org/10.1063/1.1414369
http://dx.doi.org/10.1063/1.1414369
http://dx.doi.org/http://dx.doi.org/10.1063/1.478256
http://dx.doi.org/http://dx.doi.org/10.1063/1.478256
http://dx.doi.org/http://dx.doi.org/10.1063/1.478256
http://dx.doi.org/10.1021/acs.jctc.6b01215
http://dx.doi.org/10.1021/acs.jctc.6b01215
http://dx.doi.org/10.1021/acs.jctc.6b01215
http://dx.doi.org/10.1063/1.4973510
http://dx.doi.org/10.1063/1.4973510
http://dx.doi.org/10.1063/1.4973510
http://dx.doi.org/10.1007/s002140050523
http://dx.doi.org/10.1007/s002140050523
http://dx.doi.org/10.1007/s002140050523
http://dx.doi.org/10.1007/s002140050523
http://dx.doi.org/10.1021/acs.jctc.7b00148
http://dx.doi.org/10.1021/acs.jctc.7b00148
http://dx.doi.org/10.1021/acs.jctc.7b00148
http://dx.doi.org/10.1021/acs.jctc.7b00148
http://dx.doi.org/10.1038/ncomms11507
http://dx.doi.org/10.1038/ncomms11507
http://dx.doi.org/10.1038/ncomms11507
http://dx.doi.org/10.1038/ncomms11507
http://dx.doi.org/10.1103/PhysRevLett.99.186801
http://dx.doi.org/10.1103/PhysRevLett.99.186801
http://dx.doi.org/10.1103/PhysRevLett.99.186801
http://dx.doi.org/10.1103/PhysRevB.73.205119
http://dx.doi.org/10.1103/PhysRevB.73.205119
http://dx.doi.org/10.1103/PhysRevB.73.205119
http://dx.doi.org/10.1103/PhysRevB.73.233103
http://dx.doi.org/10.1103/PhysRevB.73.233103
http://dx.doi.org/10.1103/PhysRevB.73.233103
http://dx.doi.org/10.1103/PhysRevB.73.233103
http://dx.doi.org/10.1021/acs.nanolett.6b04727
http://dx.doi.org/10.1021/acs.nanolett.6b04727
http://dx.doi.org/10.1021/acs.nanolett.6b04727


List of Publications

[9] J. Wilhelm and J. Hutter, Periodic GW calculations in the Gaussian and plane waves scheme,
Phys. Rev. B 95, 235123 (2017).

[8] D. Golze, N. Benedikter, M. Iannuzzi, J. Wilhelm, and J. Hutter, Fast evaluation of solid har-
monic Gaussian integrals for local resolution-of-the-identity methods and range-separated
hybrid functionals, J. Chem. Phys. 146, 034105 (2017).

[7] J. Wilhelm, P. Seewald, M. Del Ben, and J. Hutter, Large-Scale Cubic-Scaling Random Phase
Approximation Correlation Energy Calculations Using a Gaussian Basis, J. Chem. Theory
Comput. 12, 5851–5859 (2016).

[6] J. Wilhelm, M. Del Ben, and J. Hutter, GW in the Gaussian and Plane Waves Scheme with
Application to Linear Acenes, J. Chem. Theory Comput. 12, 3623–3635 (2016).

[5] J. Wilhelm, M. Walz, and F. Evers, Ab initio spin-flip conductance of hydrogenated graphene
nanoribbons: Spin-orbit interaction and scattering with local impurity spins, Phys. Rev. B 92,
014405 (2015).

[4] M. Walz, J. Wilhelm, and F. Evers, Current Patterns and Orbital Magnetism in Mesoscopic
dc Transport, Phys. Rev. Lett. 113, 136602 (2014).

[3] J. Wilhelm, M. Walz, and F. Evers, Ab initio quantum transport through armchair graphene
nanoribbons: Streamlines in the current density, Phys. Rev. B 89, 195406 (2014).

[2] N. Bajales, S. Schmaus, T. Miyamashi, W. Wulfhekel, J. Wilhelm, M. Walz, M. Stendel, A. Ba-
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